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Abstract

In this paper we propose an end-to-end algorithm for indirect data-driven control for bilinear systems with stability guarantees.
We consider the case where the collected i.i.d. data is affected by probabilistic noise with possibly unbounded support and
leverage tools from statistical learning theory to derive finite sample identification error bounds. To this end, we solve the
bilinear identification problem by solving a set of linear and affine identification problems, by a particular choice of a control
input during the data collection phase. We provide a priori as well as data-dependent finite sample identification error bounds
on the individual matrices as well as ellipsoidal bounds, both of which are structurally suitable for control. Further, we integrate
the structure of the derived identification error bounds in a robust controller design to obtain an exponentially stable closed
loop. By means of an extensive numerical study, we showcase the interplay between the controller design and the derived
identification error bounds. Moreover, we note appealing connections of our results to indirect data-driven control of general
nonlinear systems through Koopman operator theory and discuss how our results may be applied in this setup.
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1 Introduction

Bilinear systems are an important class of nonlinear sys-
tems that naturally appears across different domains
such as biological processes (Mohler et al., 1980), so-
cioeconomics (Mohler, 1973) but also in engineering,
e.g., nuclear reactor dynamics (Mohler, 1973) and ther-
mal control processes such as building control (Under-
wood, 2002). Further, the class of bilinear systems has re-
cently received great attention for its ability to represent
nonlinear systems through a higher-dimensional lifting,
e.g., Carleman linearization or Koopman operator the-
ory (Mauroy et al., 2020; Surana, 2016; Huang et al.,
2018; Strésser et al., 2026b). Due to the wide-ranging
occurrences of bilinear systems, there is significant in-
terest in learning the behavior of a bilinear system from
data. However, currently there are only very few meth-
ods that allow to analyze the identification error from a
finite-sample perspective. Such finite-sample results are
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of particular importance when it comes to indirect data-
driven control of bilinear systems, where the identified
system model is used to control the real system. Since
usually only finite data can be collected and this data is
often affected by noise, it is important to account for the
introduced uncertainty to obtain end-to-end guarantees.

Related works There exists a rich literature in classical
system identification for both linear and nonlinear sys-
tems (Ljung, 1998). The special case of bilinear systems
has received considerable interest since many of the tech-
niques used in linear system identification can be carried
over to the bilinear setting (Fnaiech and Ljung, 1987).
In particular, Favoreel et al. (1999) generalize linear sub-
space identification to the bilinear setting under the as-
sumption of white noise excitation. Further, Berk Hizir
et al. (2012) reduce the bilinear identification problem
to the identification of an equivalent linear model by
choosing suitable sinusoidal inputs. The problem of per-
sistency of excitation and input selection for the iden-
tification of bilinear systems has been considered, e.g.,
by Dasgupta et al. (1989) and Sontag et al. (2009).

Note that the previously discussed classical system iden-
tification literature only provides asymptotic results in
the presence of stochastic noise, i.e., results that con-
sider the case where the number of data collected goes to
infinity. Building on recent advances in high dimensional
statistics (Wainwright, 2019; Abbasi-Yadkori et al.,
2011), first finite-sample system identification results
have recently emerged for linear time-invariant (LTI)
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and certain classes of nonlinear systems. For LTI sys-
tems, where the ordinary least squares (OLS) estimator
is predominantly used, Dean et al. (2020) provide in-
dividual identification error bounds for the unknown
system matrices assuming that the available data is
independent. Correlation in trajectory data is handled
by Simchowitz et al. (2018) using the block martin-
gale small-ball condition. Allowing for dependent data
comes at the cost of being restricted to marginally
stable systems and not recovering individual identifica-
tion error bounds on the unknown matrices. While the
stability assumption is overcome in the works of Shi-
rani Faradonbeh et al. (2018) and Sarkar and Rakhlin
(2019), finding individual error bounds for each of the
matrices from trajectory data is still an open prob-
lem. Extending the LTI literature, Foster et al. (2020)
and Sattar and Oymak (2022) provide a finite-sample
identification analysis for generalized linear systems
with a known nonlinearity. When it comes to bilinear
systems, Sattar et al. (2022) establish finite-sample
identification error bounds for data collected from a
single trajectory. However, their derived bound relies on
a potentially restrictive stability assumption and comes
in the form of a single upper bound of the identifica-
tion errors for all the identified system matrices. Sattar
et al. (2025) extend previous works on bilinear systems
by providing a finite sample identification analysis for
partially observed bilinear systems. Since we can only
provide a brief overview of the field of non-asymptotic
system identification, we refer to Tsiamis et al. (2023)
and Ziemann et al. (2023) for more detailed discussions.
Despite the interest in applying statistical learning the-
ory tools to bound identification errors, there have been
comparably less works using the finite-sample error
bounds for a robust controller design. One important
reason for this is that the bounds are often not directly
usable for a (robust) controller design, and therefore pro-
viding end-to-end guarantees for an indirect data-driven
control scheme may be difficult. For the linear-quadratic
regulator, Dean et al. (2020) establish an indirect data-
driven control scheme with end-to-end guarantees. In
the work of Mania et al. (2019) this analysis is improved.
Further, Tsiamis et al. (2022) provide upper and lower
bounds on the sample complexity of stabilizing LTI
systems using indirect data-driven control.

While these developments provide valuable insights
into the theoretical limits of linear indirect data-driven
control, they do not address corresponding extensions
to bilinear systems. For this class of systems, there ex-
ists a rich literature on model-based controller designs,
including Lyapunov-based methods (Pedrycz, 1980;
Derese and Noldus, 1980), bang-bang control with linear
switching policy (Longchamp, 1980), quadratic state
feedback (Gutman, 1981, 1980), nonlinear state feed-
back (Benallou et al., 1988), constant feedback (Luesink
and Nijmeijer, 1989), or schemes for passive bilinear
systems (Lin and Byrnes, 1994). Moreover, Huang and
Jadbabaie (1999) propose to view the state of bilin-
ear systems as a scheduling variable, which leads to a

convex controller design using results for (quasi-)linear
parameter-varying systems. Another approach is to use
linear matrix inequalities (LMIs) to design controllers
for bilinear systems in a local region, see, e.g., Amato
et al. (2009) for a polytopic region and Khlebnikov
(2018) for an ellipsoidal region, or Coutinho et al.
(2019) for input-delayed systems. Relying on robust
control techniques, closed-loop stability guarantees for
bilinear systems are derived in Strésser et al. (2023)
using an LMI-based controller in a pre-defined region,
while Strésser et al. (2025a) design a globally stabilizing
controller based on sum-of-squares (SOS) optimization.
However, most of the available results require model
knowledge or are restricted to noise-free systems.

Contribution In this work, we consider the problem
of identifying a bilinear system from noisy data to con-
trol the underlying system with end-to-end guarantees.
Specifically, we leverage tools from statistical learning
theory to enable robust control of bilinear systems us-
ing collected data. First, we present novel finite-sample
error bounds for identifying bilinear systems from finite
i.i.d. data. Here, we use the control input to solve a set
of linear and affine identification problems in order to
identify the bilinear system from data. We note that the
novel finite-sample analysis of affine identification prob-
lems might be of independent interest. Since the corre-
sponding OLS solutions do no longer depend on purely
random matrices we leverage properties of symmetric
matrices to analyze the random part and the determinist
parts of the corresponding matrices separately. Combin-
ing this with (anti-)concentration inequalities allows us
to provide high-probability identification error bounds.
We not only present a priori identification error bounds
revealing the structural dependencies on key problem
parameters, but also data-dependent identification er-
ror bounds that prove to be less conservative. Compared
to Sattar et al. (2022), where finite-sample identification
error bounds from trajectory data are provided, the iden-
tification error bounds derived in this work are struc-
turally tailored to indirect data-driven control. This en-
ables combining the identification error bound with ro-
bust control approaches for bilinear systems. More pre-
cisely, we provide an easy-to-use algorithm to derive an
indirect data-driven controller along with closed-loop
stability guarantees. To the best of our knowledge, this
is the first work providing such an end-to-end result for
finite data affected by stochastic noise with possibly un-
bounded support in the case of bilinear systems. Further,
we show that the proposed results may be applicable be-
yond bilinear systems through the Koopman operator
and note appealing connections to Koopman-based indi-
rect data-driven control of more general classes of non-
linear systems. Finally, we showcase the effectiveness of
the results in several numerical investigations, where we
demonstrate the interplay between the controller design
and the derived error bounds.

Outline This paper is structured as follows. Section 2
introduces the problem setup including the considered



bilinear systems. In Section 3, we derive finite-sample
identification error bounds for bilinear systems. Then,
we use the obtained bounds for the design of indirect
data-driven controllers guaranteeing closed-loop expo-
nential stability of bilinear systems in Section 4. Finally,
we illustrate the effectiveness of the derived identifica-
tion error bounds in comparison to Monte Carlo simu-
lations as well as in the controller design in Section 5,
before concluding the paper in Section 6.

Notation We denote the set of integers between a and
b by Ny = [a,b] N N. The unit sphere in R™ is de-
noted by S"~!. For a positive scalar ¢ € R+ we denote
a sphere centered around the origin of R"™ with radius
c by ¢S 1. Given a matrix A, we denote the spectral
norm by ||A||2. The operation [a]; extracts the i-th ele-
ment of the vector a or the i-th column when applied to
a matrix. We denote matrix blocks that can be inferred
from symmetry by x, i.e., we write ATSA = []TZA.
By ® we denote the Kronecker product. Further, we
write X ~ N(u,Y) if the random vector X € R"™ is
Gaussian distributed with mean p and covariance . We
write Y ~ subG(o?) if the random variable Y € R is
zero-mean sub-Gaussian with variance proxy o2. More-
over, we write X ~ subG,, (¢2) if the random vector
X € R™ is zero-mean sub-Gaussian with variance proxy
o2, that is if the one-dimensional marginals (X, v) are
zero-mean sub-Gaussian random variables with variance
proxy o2 for all v € S"»~1. Finally, Y ~ U(a) and Y ~
subExp(v?, a) denote a random variable Y € R which
is uniformly distributed on [—a,a] and sub-exponential
with parameters (12, a), respectively.

2 Problem setup
We consider an unknown bilinear system of the form

ny

Ty = A$+BOU+ZZ,_1[U]¢A¢$+TU, (1)
where w "< subG,,, (02) is unknown process noise,
x, x4, € R™ are the state vector at the current time step
and the next time step, respectively, and u € R™« is a
control input. Note that by defining B; == A; + A, the

system (1) can be equivalently described by
L
x4 = Ax + Bou + Zizl[u]i(Bi —Az+w  (2a)

= Az + Bou + Ay (u ® ) + w, (2b)
where A,, = [Bl — A B, — A}. We consider an

indirect data-driven control scheme which consists of
two steps. First we identify the unknown matrices
A eR"XMe By e R™X" By ... By, €R"*" from
data and characterize the uncertainty of the estimates.
Second, we deploy a robust control scheme account-
ing for the identification error to obtain a data-driven
controller with end-to-end guarantees.

The structure in (2) can be leveraged to reduce the non-
linear identification problem of identifying the bilinear
system (2) to n, + 1 linear identification problems. To
this end, we conduct n, + 1 experiments in which we
choose the fixed control inputs u(9) = u% := 0 and
w®h = e = ¢, fori € N1 n,], respectively, where e;

are the elements of the canonical basis of R™* and 7 is
the index of the experiment.! This yields the n, + 1
system descriptions

So: Ty =Ar 4w, (3a)
=[Boli + Bix+w, Vi=1,...,n, (3b)

describing the behavior of the unknown bilinear sys-
tem (2) under the respective control inputs. In the fol-
lowing, we consider the problem of identifying So, . . . Sy,
which, as shown previously, is equivalent to identifying
the bilinear system (2).

Remark 1 We choose the canonical basis {ey, ..., en, }
as inputs for simplicity. Particularly, any other basis
{v1,...,0n,} of R™ could be chosen in addition to the
zero input. Clearly, there exists an invertible matrix H
that maps between the two bases, i.e., v; = He; for all
i € Ni1n,]- Applying the input u® = vy to system (2)

yields T4 = Az + Bov; + Ay (v; ® 2)
= Az + B()Hez- + Auz(Hel ® (E)
=Ax + BoHe; + Ao (He; @ I, ).

Defining B; = Ayp(He; ®1,,)+ A and By = BoH yields
zy = Bz + [Boli, i.e., a structurally identical identifi-
cation problem to (3b). Understanding the effect of the
selected basis on the accuracy of identification and sub-
sequently on the data-driven control scheme is an inter-
esting direction for future work.

To solve the linear and affine identification problems (3),
we resort to the OLS estimator to obtain finite sample
guarantees. To this end, we collect T; samples from
S; for each i € Ny, ), where the number of samples
will be specified in our analysis. Then, the data col-
lected from each experiment i € Ny ,, amounts to
{x(f),x(@,u(@}ezl. Identifying the autonomous LTI
system (3a) from finite data has already been con-
sidered, see, e.g., Matni and Tu (2019) for a detailed
analysis. However, the finite-sample identification of
the affine system (3b) is yet unsolved and is the main
technical challenge for obtaining finite sample identifi-
cation error bounds tailored to control. More precisely,
the robust controller design requires identification error
bounds which are proportional to the state and input.
For this reason, we seek finite sample identification error
bounds that hold for all the unknown matrices individu-
ally, hence named individual identification error bounds
hereafter. Obtaining individual, a priori identification
error bounds from correlated data is an open problem
in literature even in the case of linear systems (Ziemann
et al., 2023). To address this, we restrict the sampling
according to the following assumption.

Assumption 2 For each of the realizations S;
1 € Njgn,], there exists o, > 0 such that the sampled

data {xsf), x(e)}fil satisfies ©(*) b4 subG,,, (02).

! To simplify notation we will drop the dependence on i

for all data vectors, e.g., we use u® in place of u("®. The
experiment ¢ € Njg ,,,,; Will be clear from the context.



Algorithm 1 Proposed identification algorithm

Require: Sampling scheme
for i € Ny ,,,) do
Choose input u®
for ¢ <T; do
Sample state (9 according to sampling scheme
Evaluate bilinear system with () and u®
end for
end for
Compute OLS estimates for (3)

Note that, although potentially restrictive in practical
applications, independence of the data is key for the pro-
posed individual bounds. However, assuming the same
distribution for each S; is without loss of generality and
the distribution can be selected to meet specified require-
ments. In practice, Assumption 2 can be satisfied by col-
lecting the data from multiple trajectories, similar to ap-
proaches proposed by Dean et al. (2020); Matni and Tu
(2019). Specifically, to obtain samples () that satisfy
Assumption 2, we can repeatedly initialize trajectories at

the origin and then apply an input u Lig subG,,, (02) to
the plant (2) for one time step. Repeating this procedure
T;-times results in states (9 that satisfy Assumption 2
and hence can be used as starting points for the exper-
iments with systems (3). Note that, while the variance
proxy o2 resulting from this procedure can be influenced
by o2, it also depends on unknown system parameters.
This variance proxy enters the a-priori identification er-
ror bounds in Section 3.1, making them potentially hard
to use in practice. The observed dependence is funda-
mental and cannot be avoided if a-priori identification
error bounds are desired and the data cannot be sampled
iid. (cf., e.g., the error bounds presented by Tsiamis
et al. (2023); Dean et al. (2020); Sattar et al. (2022)).
When it comes to the presented data-dependent identi-
fication error bounds (Section 3.2), which are the ones
used in practice for the robust controller design (Sec-
tion 4.3), this variance proxy is implicitly captured in
the observed data and as a result they do not depend on
unknown quantities and can be evaluated in practice.

Remark 3 Compared to the works of Dean et al. (2020);
Matni and Tu (2019) which rely on Gaussian noise and
sampling, the extension to sub-Gaussian sampling allows
formore correlations inside the sampled state vector. As a
consequence, the constants in the burn-in time conditions
are larger, but this more general analysis paves the way
for applications in Koopman-based control (Section 3.4).

Algorithm 1 summarizes the proposed identification pro-
cedure, where the deployed sampling scheme is deter-
mined depending on the desired error bounds.

3 Finite sample identification error bounds

Next, we present high probability finite sample identi-
fication error bounds for each of the unknown elements
in (3) in order to identify the bilinear system (2). In par-
ticular, we use the OLS estimator to identify the true

system parameters from data. To this end, we define

T
91' = |:Bz [B0}1:| Vi € N[17nu]7 y(f) = |:J;(£)T 1:|
such that the OLS estimator is given by

i . To 0 (0))12

Ae argjnm Zz:1 |z} — Az'7|3, (4a)
~ T;

0 € arg min > |2 — 0;y @2 Vi€ Ny, (4b)

Further, we introduce the normalized regressors

- T
é'(e) — %ﬁ) 1'1\:1 suban(1)> C(Z) = |:§(5)T ]_i| (5)

and, with slight abuse of notation, define

X, = [5(1) f(Ti)} T7 Y; = [C(l) C(Ti)} T,

T T
X = [m$> mfi)} W, = [wu) w(n)}

Then, the closed-form solutions to (4) read
AT = L(xXT Xo) (X7 XS, (62)
~T 1 _ .
6, = [% ] OTY) 0T, Ve Ny (6D)
Defining the normalized empirical covariance matrices
To T ZTi 5(1{)5(1{)7 ZTi 5(5)
- (0) ¢(0) e =1 -
MO — Zle f f ) Mz — |: ijil E([')T [Ti
(7)

for all 7 € Ny ,,1 leads to the identification errors

(A=A)T = LMy (Xxg W), (8a)
(6~ 607 = | % O] M7 (VT W), Vi € Nipn,. (D)

The identification error (8a) has been previously ana-
lyzed for Gaussian noise, e.g., by Matni and Tu (2019).
We extend the result to sub-Gaussian noise and sam-

pling.
Theorem 4 Consider the autonomous system (3a).
Fiz a failure probability 6 € (0,1) and let the data

{x(f), z® }[Til be collected according to Assumption 2. If
To > 1281og(8 - 9™ /), (9)

then the identification error (8a) of the OLS esti-
mate (6a) is bounded by

ow 164/Tplog(4 - 9= /6)
Oz TO
with probability at least 1 — %

1A — A2 < (10)

PROOF. First, using sub-multiplicativity of the
norm, (8a) yields

i 1 || Xq Wol
A—-Ally < ——F—0.
|| H2 o Og )\min(MO)
Then, we apply Propositions 15 and 16 (Appendix A)
with % and ¢ = i to obtain the result. O

In the following, we use tools from Vershynin (2012) and
Wainwright (2019) to derive a priori and data-dependent
upper bounds on the identification error in (8b).



3.1 A priori identification error bounds

First, we provide novel a priori identification error
bounds, which reveal fundamental dependencies on key
parameters, e.g., the problem size or the desired confi-
dence for the affine identification problem (3b).

Theorem 5 Consider the unknown system S; as de-
fined in (3b) for anyi € Nj1 1. Fiz a failure probability

d € (0,1) and let the data {ach), x“)}il
cording to Assumption 2. If

T; > 64(3 + 2v/2) log(8n,9" /6),
b) of the OLS esti-

be collected ac-

then the identification error (8
mate (6b) is bounded by

7. T2 — /2T log(in. /)

Boli)l2 < 4T\/E\/2Ti log(4m,,97= /§)
% < Ow
0li)ll2 T;/2 — %\/QTi log(4n,97= /5)

I(B: — By

I([Bol, — [

with probability at least 1 — 251

PROOF. While this proof is structured similar to the
proof of LTI finite sample identification results (see,
e.g., Matni and Tu (2019)), there are some key differ-
ences owing to the difficulties introduced by the affine
structure in (3b). Importantly, the regressor y(*) is not
purely random. Thus, the matrix M; defined in (7) is not
a purely random matrix and, hence, cannot be handled
using the existing arguments. Analyzing these partially
random quantities will pose the main technical difficulty.

Since we are interested in individual error bounds of B;
and [Byl;, we observe that

(Bi—By)" = [Inm Onmxl] (0;—0:)"
(1Bol; = [Bol)™ = [01n, 1] (B =67
Exploiting (8b) results in the individual error bounds
(Bi = B)T = [ 2L, 0ya| M7 Wi, (120)
(IBoli = [Boli) " = [01m, 1] MT'YTWie (12D)

Now, we take the norm of (12) and use submultiplica-
tivity of the matrix norm to obtain

: 1|y Wi,
||B1 - B’L||2 § am, (13&)
5 [v;" Wil
1[Bol; — [Bolill2 < m, (13b)

where Apin (M;) denotes the smallest eigenvalue of the
matrix M;. We split the analysis of the terms on the
right-hand side into the analysis of the smallest eigen-
value of M; and controlling the norm in the numerator.

Controlling the smallest eigenvalue of M;. Since
M; is not a purely random matrix we need to deploy
different tools than the ones presented in Matni and Tu
(2019) to control Amyin (M;). In particular, we proceed in

two steps. First, we show that we can express the small-
est eigenvalue of the full matrix as the smallest eigen-
value of the block diagonal terms and an error term
depending on the off-diagonal elements. Then, we use
Hoeffding’s inequality to show that the off-diagonal ele-
ments are small compared to the block-diagonal terms if
we collect enough samples. For the subsequent analysis
we apply the Courant-Fisher minimax theorem (Golub
and Van Loan, 2013, Theorem 8.1.2) and consider v €

R"= ! with ||v|| = 1, such that we obtain

. T .
in 5] vl e@eT 5T e0 ]
min T, 0T vs
vESNT Z 15 T;

T;
= min v, (25(4)5(2) )Ul +2U2U1TZ§(Z) +'U§Ti

vGS”L
=1
> mino] (Z€<z>§z) )UlJrUQ 2‘v2|‘ Zém.
Note that we can combine the first two terms mto an
eigenvalue condition on a block-diagonal matrix, i.e.,
Ti (0T
)\min(Mi) > )\min ([22:15 ¢ ,1(_),i|)

o] Z; 10 ’ (14)

More precisely, (14) shows that the minimum eigenvalue
of the block-diagonal matrix as well as the error term
serve as a lower-bound on the true minimum eigenvalue.

)\min(M'L) =

- 2
a2l

We first derive an upper bound on the term
max,ecsne 2|va||[v] ZZT;1 ¢€®]|. To this end, note that
|lv[l2 = 1 which implies ||v1]|3 + |v2|?> = 1. Defining
v = \/1%7111 yields #; € S"=~1. Hence, we rewrite

T; T;
max 2lvg||v] E 9] = max 2Jva|y/1 — v2|o] E {m‘,
veES™ ng[ 1,1]

=1 5 egne - ! =1

where we can maximize over v; and vy S gparately Thus,

we use Lemma 17 (Appendlx A) with £>— to obtain
)
max 2|v2|‘v1 ZHS ’
< max zlva|y/1— v31/2T; log(4n,, - 97 /5)
v €[—1,1]

= 2./2T; log(4n,, - 9’“/5)

. Here, the last step
follows by plugging in the maxmuzer

1—vg:%.

vy = argmax |vs|
vo€[—1,1]

Now, we consider

; T;
)\min ;15(5)‘5(5)1— 0 = min )\min f(i)g(z)—r 7Ti .
< o T (e=z1 )
Then, we use Proposition 16 (Appendix A) to obtain
T e 2
v {)\min <Zz_1 f( )E( ) > Ti(1 =27 21~ 4nu
1). Thus,
)\min (Mz) Z T (1 — 26

where ¢ € (0,

— 4/2T;log(4n,,97= /5) (15)



with probability at least (1 — —) (1 — —) >1—5> 1f

T; > % log(8n,9™ /§). To ensure that (15) ylelds a non-
trivial bound (and the inverses in (13) exist), we need to
impose the additional condition

Ti(1 — 2¢)? \/2T log (8n,97= /8) > 0
which is satisfied if T; > m log(8n,,9™= /§). We se-
V2-1

lect ¢ =

> f , which yields

Amin (M;) > L — 4./2T; log (4n,, - 97= /6)
with probability at least 1 — m if
T; > max {128 64(3 + 2v/'2) } log(8n, 9™ /6)
= 64(3 4 2v/2) log(8n,9™= /5).

Controlling the noise term. To handle the numerator

(16)

n (13), consider that
Prwil,= s 30 (u[€7]) (@)T)
vES"T .

- T () (w0

veS"E ™

= s Y7 @l €0) (@) T0) s (0)T0).
uesS"®

vesne 1

Using similar techniques as in the analysis of (14) and
introducing 4, = %ul leads to
—u

v i,

= sup Z\/l—u2 Tf“ )

vesne—1 577
fyesne 1
UQE[ 11]

T0) +us ((w(e))Tv)

< sup 1—wu3 sup
uz€[—1,1] vesne 1

a1 eSnz—l

+ |uz| sup

veSne —1

Observe that

T; T;
sup [Z(a?sw)(( o) = > e@w
v ESS”;” 7—11 =1 =1 2
1ES™F

i.e., we can apply Proposition 15 (Appendix A)
to obtain that if T; > 1 log(4n,92"= /§), then
T;

v)<doy, \/Ti log(4n,9°"* /5)

sup Y (af y“) ((w®)"
veSne —1
ﬂleesnzfleil (18)

holds with probability at least 1 — &. Further, we use
Lemma 17 (Appendix A) to deduce the upper bound

T;
< 30.,1/2T; log(4n,,9™= /6) (19)

UT 2621 w([)

sup
veESnz —1

with probability at least 1 — -2—. Union bounding (18)
and (19) and plugging the result into (17) leads to

sup M4Uw V/T; log(4n,,927 /5)
uz€[—1,1]
+ |us| §u /2T, log(4n,9"= /3)
ug €[—1,1]
+ |uz| 404, 1/2T; log(4n, 97+ /3)
sup  40,,1/2T;log(4n,9"= /9) (M 4 Ll )
us€[—1,1]
with probability at least 1—% if Ty > L log(4n,92"= /6).
Finally, plugging in the maximizer u} = % yields

[T will, <

1Y, "W |, < 24%,,\/2T; log(4n, 97 /). (20)

Combining the previous results. Taking (16) and
(20), plugging them into (13), and using union bound
arguments leads to the desired result. Further, we com-
pare the two burn-in time conditions

max {% 10g(4n,92" /8), 64(3 + 2/2) log(8n, 9™ /5)}

= 64(3 + 2v/2) log(8n, 9™ /9)
which concludes the proof. O

Vng, My > 1

Note that like in the LTT case assuming i.i.d. data allows
us to provide error bounds on the individual matrices
independently of the stability properties of the system
considered. Further, the bounds in Theorem 5 can be
computed before collecting data, relying only on knowl-
edge of the system dimensions and the noise variance.

3.2 Data-dependent identification error bounds

Depending on the application it might not be necessary
to provide a priori identification error bounds, i.e., before
data collection. Instead, one can turn to data-dependent
error bounds that account only for the data observed
and, hence, are less conservative. To this end, recall the
matrices M; defined in (7) and note that they can be
evaluated from data, i.e., we do not need to control the
respective inverses. Thus, we can leverage the derivations
from the previous section to obtain individual bounds
for each of the unknown matrices.

Corollary 6 Consider the unknown system S; as de-
fined in (3b) for anyi € Ny1 1. Fiz a failure probability
0 € (0,1) and let the data {xf),x“)}g;l be collected ac-
cording to Assumption 2. If T; > 5 log(2n,9%"= /§), then
the identification error of the OLS estimate (6b) satisfies

w 20 ST Tog (20, - 97 /3)

Bi - Bi)|2 < == .
. 2210 /2T, log(2n,, - 97 /6)
o . < 3 7 u
(ol ~ (Bol)la < o =550



with probability at least 1 — %, where the matriz M; is
defined in (7). If M; has zero as an eigenvalue, we define
the inverse of that eigenvalue to be infinity.

Alternatively, we can use similar proof techniques to
Dean et al. (2020, Proposition 3) to obtain ellipsoidal,

data-dependent identification error bounds.

Lemma 7 Consider the unknown system S; defined in
(3b) for any i € Njy ] and with w®) P N(0,021,,).
Fiz a failure probability § € (0,1) and let the data
{mg), OV be sampled i.i.d. with T; > n, +1. De, ne

Cy(ng,0) = o2 g\/nm +14++n,+ \/210g(2nu/6)§ .

Then, with probability at least 1 — %, we have

Ol s
([Boli — [Boli) "
X T . -
< Cuny, o) | e ®02Y Ealy2®
- 1 X9 Zgilﬁ(é)T TZ

If the empirical covariance matriz has zero as an eigen-
value, we define the inverse of that eigenvalue to be in-
finity.

PROOF. We only provide a short version of the proof,
for a more detailed version we refer to the proof of Matni
and Tu (2019, Proposition V.1). First, define Y;T =

[ 9]V and BT = |(B; — Bi) ([Boli — [Bli)|. As-
suming T; > n, + 1, the singular value decomposition
of Y; is given by Y; = UAV . Hence, if the inverse of A
exists, we obtain

EET =VAWUTW,W, UAWVT < ||JUTW|3(Y,"Y;) "%

Each element of the matrix U W; € R(me+tD)xna jg d.
N(0,02) and, thus, we apply Vershynin (2012, Corol-
lary 5.35) to show [|[UTWillz < 0w (Ve + 1 + /naz +

2log(2n,,/d)) with probability at least 1 — %. O

Note that, Lemma 7 only requires the data to be sampled
i.i.d. but does not pose any additional requirements on
the sampling distribution. This provides same additional
flexibility that can be leveraged in practice. Lemma 7
can be straightforwardly extended to sub-Gaussian noise
using Vershynin (2012, Proposition 5.39) instead of Ver-
shynin (2012, Corollary 5.35).

3.8  Sample complexity of identifying bilinear systems

To obtain finite sample identification error bounds for
the bilinear system (2), we apply Algorithm 1 and com-
bine the results from Sections 3.1 and 3.2 using union
bound arguments.

Theorem 8 Consider Algorithm 1 with data collected
from the bilinear system (2) according to Assumption 2.
Fiz a failure probability § € (0,1). If

Ty > TO and T; > Ti Vi € N[l,n“]a

then Algorithm 1 results in estimates A, BO, Bl, e, Bnu
that satisfy

IA— Al < ea, (22a)

||BZ - BZ'HQ <ep, Vi e N[Lnu], (22b)

I[Bo)i — [Bolill2 < E[Bo); Vi€ Npip, (22¢)
with probability at least 1 — §, where identification error
bounds and burn-in times are specified as follows:

(1) A priori identification error bounds:
164/Tplog(4 - 97= /6
g4 = Tw o log( / ), (23a)
Og T()
fy T 10| /9T, log(4n,97= /3) (230)
Y 0w T;/2 — /2T, log(4n, 9" /3)

4—@ V2T log(4n, 9= /5)

€[Bol; = Ow s (23(3)

ol T,/2 — 4\/2T; log(4n, 9" /0)
To = 1281og(8 - 9™ /6), (23d)
T; = 64(3 + 2v/2) log(8n,9™ /6). (23e)

(2) Data-dependent identification error bounds:

ow 44/To 10g(4 - 9ne /5)
= — 24
€A on )\min (MO) ) ( a‘)

0w 240\ /2T; Tog(2n,, - 97+ /9)

= 24
€8 Oy )\min(Mi) ’ ( b)
4v10 ) Mg
i), = O3 /2T, log(2n,9 /5)’ (240)
ol )\min(Mi)
Ty = 1 log(2- 9™ /0), (24d)
T, = %log(?nu92"” /96). (24e)

PROOF. This result follows directly by using Theo-
rem 5 (Corollary 6) and (the data-dependent version of)
Theorem 4 and leveraging union bound arguments. [

While we observe in Section 5.1 that the a priori identi-
fication error bounds (23) are less tight than the data-
dependent identification ones (24), they provide the pos-
sibility to bound the amount of uncertainty in the es-
timates before running the experiment. Further, the a
priori identification error bounds provide additional in-
sights that help to understand the difficulty in identify-
ing the system matrices in terms of the sample complex-
ity. First, we can observe that the identification of every
unknown matrix scales with O(1/vT) which is the known
rate of OLS for linear systems. Further, the problem size
influences the identification errors (23a)-(23c) of order
O(y/n, log(n,)), whereas the overall number of samples
T = Tp + n,T; needs to be of order O(ng(n, + 1)).
Equivalent to the linear case, the failure probability en-
ters inversely inside log-terms and lastly, we observe the
signal-to-noise ratio (SNR) o, /0y, for the identification
error bounds of A and B;, Vi € N ,,], whereas the iden-
tification error of [By); lacks the dependence on o,,. This
is because [By|; enters affinely in (3b), i.e., the sampling
variance cannot influence the rate of identifying [Bo];.

Equivalently, we can use the ellipsoidal, data-dependent
identification error bounds to obtain the following result.

Theorem 9 Consider Algorithm 1 with i.i.d. data col-

lected from the bilinear system (2). Fiz a failure proba-

bility § € (0,1) and let w'®) it N(0,021,.). If
To>mng and T;>ng+1 Vi€Ny,,,



then Algorithm 1 results in estimates A, EO, Bl, ..., By
that satisfy

u

(AiA)T(AfA) =< &a, (25a)
(Bi - Bi)T )
|:*:| ([BO]Z _ [BO]Z)T = gBi Vi € N[Lnu] (25b)

with probability at least 1 — &, where B
Ea= 0% (29 +/2l0g (2/5))2 S 40,07
v =1
2
Ep, =02 (\/nx+ + g + 2log(2nu/5))
[Ze 1T @7 ZZT=1 @]

T; T
=17T ) T
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If the empirical covariance matrices have zero as an
eigenvalue, we define the inverse of that eigenvalue to be
infinity.

PROOF. The result directly follows by using Lemma 7
and Dean et al. (2020, Proposition 2.4) with g followed
by union bound arguments. O

With this, we have established a priori and data-
dependent finite sample identification error bounds for
the identification of bilinear systems from i.i.d. data.
While the results hold for bilinear systems, Koopman
operator theory provides an appealing tool to extend
the results of this work to more general nonlinear sys-
tems. While a detailed analysis is out of the scope of this
work, we sketch some of the links between our results
and the general nonlinear case in the following.

3.4 Implications for data-driven control of nonlinear
systems

As already discussed, Koopman operator theory (Koop-
man, 1931; Mauroy et al., 2020) allows to accurately rep-
resent nonlinear systems by higher-dimensional bilinear
systems (Surana, 2016; Huang et al., 2018). Identifying
this lifted bilinear system from data collected from the
true system is an active field of research. Although (ex-
tended) dynamic mode decomposition (Williams et al.,
2015) is shown to suitably approximate the Koopman
operator (Korda and Mezié¢, 2018; Bevanda et al., 2021)
while being scalable to large-scale systems and robust
w.r.t. noise (Bevanda et al., 2024; Meanti et al., 2024),
finite sample identification error bounds are usually
hard to obtain for noisy systems (Mezi¢, 2022; Niiske
et al., 2023; Philipp et al., 2024). One particular chal-
lenge lies in the fact that we cannot sample from the
high-dimensional lifted state-space directly, but only
from the lower-dimensional original state-space, where
the two are related by known lifting functions. Here,
we emphasize that sampling in the original state space
and lifting the samples afterwards does not violate the
assumptions of Theorem 9. Thus, this result can still
be applied to a setting where the system is bilinear in a
lifted state space. Regarding Theorem 8, the following
proposition demonstrates for a particular choice of a

lifting function, which has been widely used in the Koop-
man literature (Mauroy et al., 2020), that sub-Gaussian
sampling in the lifted state space (Assumption 2) can
still be satisfied, enabling the application of Theorem 8
in this setup. N

Lemma 10 Consider a scalar random vam’abllg x MR
U(a). Then, the random vector £ = [gg sin(z)} is sub-

Gaussian distributed with variance proxy

9 2a+1, ifac€(0,1],
0" <49 5 ;
a®+2a, ifa€ (1,00).
PROOF. See Appendix B. |

Although we provide the proof for a scalar variable x for
clarity of exposition, Lemma 10 can be easily extended to
vector-valued random variables, where sin(-) is applied
element-wise. While we show that a suitable sampling
in the original state space ensures sub-Gaussian sam-
pling in the lifted space for a specific lifting function, this
remains an open question for general lifting functions.
However, we conjecture that Lemma 10 can be extended
to other classes of lifting functions using bounded sam-
pling, where similar results hold for Lipschitz continu-
ous lifting functions (Wainwright, 2019, Theorem 2.26).
Further, note that the derived upper bound of the vari-
ance proxy is not sharp, but shows that lifted samples
are sub-Gaussian distributed. In particular, the identifi-
cation error bounds in Theorem 8 require the exact vari-
ance proxy o2 or a lower bound which would result in
a underestimation of the true SNR. Finding the exact
variance proxy (or a tight lower bound) and a dedicated
analysis for commonly used lifting functions are inter-
esting directions for future research.

4 Controller design for bilinear systems

For the controller design, we consider the system repre-
sentation in (2) but focus on the noise-free part of the
dynamics, i.e., our control objective is nominal stabiliza-
tion. In particular, we assume that the only uncertainty
in the system dynamics arises from the identification
error, which is common in the literature on (stochas-
tic) data-driven control; see, e.g., van Waarde et al.
(2020); Martin et al. (2023); Faulwasser et al. (2023) and
the references therein. More precisely, we express (2) in

terms of the OLS estimates A, By = {[Boh . [Bo]nu],
Bi,...,B,, and define A,, = [Bl —A...B,, - A}
to obtain the uncertain bilinear system

2 = Azy + Bous + Aug(ur @ x0) + (20, ue). (26)

Here, r(z,u) is the residual capturing the identification
error resulting from the OLS estimation and is given by

r(z,u) = (A—A)x+ (By— Bo)u+ (Ayz — Auz) (u® ).

27
In the following, we demonstrate that the non-
asymptotic identification error bounds derived in Sec-
tion 3 are suitable for robust control of bilinear systems.
Therefore, we follow the design proposed in Strasser
et al. (2023, 2026a) in the context of a Koopman-based



bilinear surrogate model. To this end, we bound the
identification error by a quadratic function of state and
input, i.e., -

x x
7z, w)3 < [ ] Qa l ] , (28)
U U
Further, we assume that the control inputs u satisfy
u € U, where U C R™ is a user-defined compact set.
This is needed to derive the quadratic bound (28) and
is motivated by the fact that, in practice, u is typically
bounded, e.g., due to physical constraints.

We first derive the quadratic error bound (28) for the in-
dividual (Section 4.1) and ellipsoidal (Section 4.2) iden-
tification error bounds. Then, we present a regional and a
possibly global controller design based on the quadratic
error bounds derived in Section 4.3.

4.1 Individual identification error bounds

In this section, we consider the individual identification
error bounds presented in Theorem 8. The following
proposition characterizes how the results in Theorem 8
can be transferred to the error bound (28).

Proposition 11 Consider the bilinear system (2) and
let the identification error be bounded according to (22)
with probability at least 1 — 0 with 6 € (0,1). Then, if
u € U, the residual r(x,u) of the uncertain bilinear sys-
tem (26) satisfies the quadratic bound (28) for

2¢21, 0
Qa=1| “ ™ 29
0 221,, (29)
with probability at least 1 — &, where
om Ny
%zb%u—gwﬂm+h%§;wm$ww

Cu = Zizl et (30b)

PROOF. See Appendix C. (]

Based on the individual identification error bounds de-
rived in Theorem 8, Proposition 11 yields a quadratic
bound on the residual. In particular, the bound is pro-
portional to the state and input, allowing a robust con-
troller design since the error bound vanishes at the equi-
librium (x,u) = (0,0). As shown in Section 4.3, this
allows the design of a stabilizing controller for the un-
known bilinear system.

4.2 Ellipsoidal identification error bounds

Next, we use the ellipsoidal identification error bounds
presented in Theorem 9 and derive a corresponding ma-
trix Qa. Here, we consider a block-wise decomposition

e fenide ] in (25b), where

[€p.J11 € R"=X [€p,]12 = [€p,]5 €R™, [Ep,]22 €R.
Proposition 12 Consider the bilinear system (2) and

let the identification error be bounded according to (25)
with probability at least 1 — § with 6 € (0,1). Then, if

of the matrices €, = [

u € U, the residual r(x,u) of the uncertain bilinear sys-
tem (26) satisfies the quadratic bound (28) for

(o + 1) max [1 = X7 [l 24 0
ue

Qa = + (ny + 1)€p
0 0 (31a)
with probability at least 1 — &, where
. T~ |(max|ul®@1I,,) 0
Ep =[x Ep | ueU , (31b)
0 I,
[[€8,]01 [EB,]12 T
53 _ [€B,, 11 B, 12
[€B,]21 [EB,]22
L [€B,,]21 [€B,,]22 ]
PROOF. See Appendix D. O

Similar to the discussion for the individual identification
error bounds, Proposition 12 establishes an error char-
acterization of the residual which is tailored to control
and vanishes at the origin.

4.8  Controller design

In the following, we present the proposed controller
designs for system (2) based on the identified bilinear
system (26). To this end, we propose two different de-
sign methods with stability guarantees in Sections 4.3.1
and 4.3.2, where the former is based on linear robust
control techniques, while the latter relies on SOS opti-
mization. Depending on the practical application, the
different designs offer a trade-off between control per-
formance, the size of the region of attraction (RoA),
and computational complexity.

4.3.1  Controller design via linear robust control

First, we make use of the state-feedback controller de-
sign presented in Strasser et al. (2023, 2026a). Here, the
controller design of the uncertain bilinear system (26) is
addressed by linear robust control techniques, where we
rewrite the bilinear system as a linear fractional repre-
sentation (Zhou et al., 1996) within a user-defined state
region X C R™=. To this end, we define the set

L
ISCE

T lso0Y, (32
1| |sT R |1

where ), < 0and R, > 0. Then, the proposed controller
design guarantees invariance of X and regional stability
of the closed loop for initial conditions in a subset of X.
Possible choices are, e.g., Q, = —1, 5, =0,and R, =c¢
defining a norm bound on the state ||x[|?> < c¢. An algo-
rithm to heuristically optimize the geometry of X’ based
on the identified system dynamics is given in Strasser
et al. (2025d, Procedure 8), to which we also refer for a
discussion on how the resulting control behavior is af-
fected by the choice of X'. Further, we assume the exis-

0r 5.] o [Qu Sa] 7t
ST R. |~ |S: R«|

X=<{zxeR"™

tence of [



Theorem 13 Consider the bilinear system (2) and let
the identification error bound (22) or (25) hold with prob-
ability at least 1 — & with § € (0,1). Find P = P = 0 of
SizeNg X Ny, L € RMeXne [ € R™uXnemu A = AT » 0
of size Ny, X Ny, and v > 0, 7 > 0 such that the LMIs (33)
and

l/Rw —1 —VSJ
. =0 (34)
—vS, vQ.+ P
hold. If the controller
u=rpmi(r) = (I — Lyo(A ' ®z)'LP 'z (35)

satisfies kpmi(z) € U for all x € Xy = {x € R |
2T P 1z < 1} C X, then it ensures exponential stability
of the closed-loop bilinear system for all initial conditions
in Xpmr with probability at least 1 — 6.

PROOF. According to Propositions 11 and 12, if u €
U, the residual of the system identification satisfies (28)
for some QA with probability at least 1 — §. Thus, the
result follows directly from Strésser et al. (2023, Theo-
rem 4) and Strésser et al. (2026a, Theorem 4.1), gener-
alized by exploiting Qa in the residual bound (28). O

Theorem 13 establishes a controller design for the un-
known bilinear system (2) with end-to-end guarantees
based on finite stochastic data. In particular, the con-
troller design ensures exponential stability of the closed-
loop system for all initial conditions in the RoA Xp
with high probability. To this end, we exploit the identi-
fied system dynamics and the identification error bounds
derived in Section 3 to establish a controller design that
is robust to the residual. Here, we can use the individual
or the ellipsoidal identification error bounds to derive
the matrix Qa used in the controller design, see (29)
and (31), respectively. The design scheme requires and
ensures that the state x remains within the set X’. Thus,
the set A needs to be carefully chosen when apply-
ing the controller design. More precisely, if the con-
troller design is not feasible for a given set of data, fea-
sibility might be ensured by either collecting more data
to reduce the identification error or adjusting the set
X to shrink the guaranteed RoA Ay € X. Further,
the designed controller needs to respect the input con-
straints U for all states in the RoA. If this is not the
case, either U can be enlarged or the RoA can be de-
creased by shrinking X'. Thus, the controller design can
be iterated until successful, see Algorithm 2. Note that
the controller design is cast as a semi-definite program
(SDP), which can be efficiently solved. We observe that
the computational complexity of the LMIs (33), (34) is
O((3n4+mn4(2+n,))%). This can be challenging for large-
scale systems and, hence, future work should investigate
structure-exploiting SDP techniques (De Klerk, 2010;
Gramlich et al., 2023).

4.8.2  Controller design via SOS optimization

Next, we propose a controller design based on SOS op-
timization techniques 2. The main motivation for this is

2 We define R[z,d] as the set of all polynomials s in the
variable z € R™ with real coefficients and degree at most d,
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that choosing the pre-defined set X’ in (32) may be re-
strictive for some applications. Instead, we aim to design
a rational controller u = kgos(x) that ensures closed-
loop stability with high probability without relying on
X. To this end, we adapt the SOS optimization-based
design proposed in Strasser et al. (2025a) to handle the
identification error bound (28) with matrix Qa.

Theorem 14 Consider the bilinear system (2) and let
the identification error bound (22) or (25) hold with
probability at least 1 — 6 with § € (0,1). Find a > 0,
P = PT =0 of size ny X ng, Ly € R[z,200 — 1]7u*"=,
T € SOS [z, 2a], ug € SOS4[z,2a], and p > 0 such that

ugP —7I,, 0 ugAP + BoLy + Aye(Ly @ )

* QN [“] (36)
* * uq(P — ply,)
is in SOS[z, 2a]3"= "« Then, the controller
u = kgos(x) = ﬁ(m)Ln(m)P_lx (37)

ensures exponential stability of the closed-loop bilinear
system for all initial conditions in Xsos(c*) with prob-
ability at least 1 — 0, where Xgos(c) = {z € R |
' P7lr < ¢} and ¢ = argmax{c € R, U {0} |
Hsos(x) €U forallx € ngs(c)}.

PROOF. This is a direct consequence of Strasser et al.
(2025b, Theorem 4), generalized by exploiting Qa in the
residual error bound (28). O

Theorem 14 establishes a controller design for the un-
known bilinear system (2) with end-to-end guarantees
based on finite stochastic data for all states in the RoA
Xsos. If the quadratic bound (28) would hold glob-
ally, Strisser et al. (2025a, Theorem 2) directly yields
global stability guarantees for the unknown bilinear
closed-loop system. Although the identification error
bounds (22) and (25) do hold globally, the subsequently
established residual error bounds in Propositions 11
and 12 hold only for u € U and, thus, only in a certain
region of the state space around the equilibrium. While
future research should investigate how to ensure global
residual error bounds, we restrict the designed con-
troller here to u € U and we provide regional stability
guarantees for initial conditions in Xsps. The estab-
lished RoA Xgps is typically significantly larger than
Xumr and may even be global (i.e., ¢* = o0) for certain
systems and input sets U, see the numerical examples
in Section 5.2. The reason for this is that kgog is a
rational controller, where both the numerator and de-
nominator share the same degree. Thus, the controller

e, s(z) = ZaeNg,\aKd saz®, where so € Rand |a| < d €
Np. Here, the monomials are given by ® = z{* -- -z for a
multi-index o € Ny with |a| = a1 + - - - + an. The set of all
p X g-matrices whose elements belong to R[z,d] is denoted
by R[z, d]?*?. A matrix S € Rz, 2d]?*? is called SOS matrix
in z if it can be decomposed as S = T'T for some T €
Rz, d]??, where we write S € SOS[z,2d]?. Finally, S €
R[z, 2d]P*? is said to be strictly SOS if there exists € > 0 such
that (S —el,) € SOS[z, 2d]?, denoted by S € SOS [z, 2d]P.



P—rl,, —Aue(A® S2) — BoLu(In, ® Sz) 0 AP + BoL Auz(A® I,) + BoLu,
*  A®Ry— Lu(In, ®S:) = (In, ® S7 )Ly, —(In, ® S7) [ 2] L Lo
* * QN (7] 2] =0 (33)
* * * P 0
* * * * —A® Q!

Algorithm 2 Indirect DDC with end-to-end guarantees

1: Choose 6, Tp, ..., Ty, , U
2: Collect data and identify system matrices using Al-
gorithm 1 with the sampling scheme chosen accord-
ing to the desired error bounds
3: Attempt controller design:
a) LMI-based controller design (Theorem 13)
Choose X in (32)
if LMIs (33) and (34) are feasible then
Controller (35) yields closed-loop exponential
stability in Xpyr € X with high probability
else
Modify parameters in 1 until successful
end if
b) SOS-based controller design (Theorem 14)
if SOS condition (36) is feasible then
Controller (37) yields closed-loop exponential
stability in Xsog(¢*) with high probability
else
Modify parameters in 1 until successful
end if

4a;:
Ha:
6a:

Ta:
8a:
9a:

4b:
5b:

6b:
7b:
8b:

does not grow unboundedly for small or large states.
Further, we note that the denominator of ksos has no
zeros due to the strict SOS property of uq. Overall, the
two controller designs offer a trade-off between control
performance, the size of the RoA, and computational
complexity. Note that the SOS program (36) is linear
in the decision variables P, Ly, 7, p for a fixed poly-
nomial ugq, and can be solved using convex optimiza-
tion techniques (Papachristodoulou and Prajna, 2005).
Here, the a priori chosen uq acts as a tuning param-
eter, providing an additional degree of freedom in the
controller parametrization. Compared to Theorem 13,
the SOS-based design in Theorem 14 does not rely on
a pre-defined state region X and, hence, is applicable
to a wider range of systems. On the other hand, the
SOS optimization with complexity O((3n, + n,)°ns*)
is computationally more demanding and, hence, might
not be suitable for large-scale systems. Moreover, a
higher degree « in the controller design allows for a
more flexible controller design, but it also increases the
computational complexity of the SOS program.

For the controller design, we assume that the system
is not affected by noise. However, when the SOS-based
controller globally exponentially stabilizes the nominal
bilinear system, this, by Culbertson et al. (2023, Corol-
lary 2), implies exponential input-to-state stability (ISS)
in probability. Thus, the trajectories of the perturbed
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closed loop remain bounded with high probability when
the process noise is present during operation (Culbert-
son et al., 2023, Corollary 3). Culbertson et al. (2023)
also note that the choice of the Lyapunov function is
crucial to reduce conservatism of the ISS guarantees. To
this end, it may be beneficial to incorporate the noise
directly in the controller design via an additional uncer-
tainty channel, and we defer this controller design im-
provement to future research.

5 Numerical examples

In this section, we first provide numerical simulations
to illustrate the derived identification error bounds of
Section 3 (Section 5.1), where we compare the a priori
identification error bounds (Theorem 5) with the data-
dependent bounds (Theorem 6). Second, we use both
types of identification error bounds to design a controller
for a bilinear system providing end-to-end guarantees
for indirect data-driven control (Section 5.2).3

5.1 Error bounds

In this section, we analyze the identification error bounds
derived in Section 3 with respect to conservatism and
dependence on key problem parameters. Here, we focus
our analysis on the identification problem (3b) and refer
to the works by Dean et al. (2020) or Matni and Tu
(2019) for the analysis of the identification error bounds
of (3a). For the remainder of this section the setup will be

as follows. Data is collected by sampling z(*) Lhgh N(0,1)
and evaluating the unknown, affine function

x4 = Bz + By + w,
where w; K" N(0,621,.), 00 = 0.5. The matrix By €
R™#*"= and the vector By € R™* are drawn randomly.
We estimate B; and By using the OLS estimate (6b).

First, we consider the influence of the sample size on
the identification error. To this end, we select n, = 25.
Further, we empirically estimate the identification er-
ror through Monte Carlo simulations to average out the
randomness in the noise and data-sampling. Since the
data-dependent identification error bound (24b) also de-
pends on the observed data, we consider the mean over
the Monte Carlo simulations. The mean and 3o-band
of the empirically approximated identification error as
well as the mean of the data-based bound are displayed
in Fig. 1(a) along with the a priori sample complexity
bounds. The results show that the a priori identifica-

3 The code for the numerical examples can be accessed
at: https://github.com/col-tasas/2024-bilinear-end-to-end



A 101 :
I E |
<i 1072 E l l l l
0.5 1 1.5 2
(a) Error for different sample sizes.
= 0.05
A
|
0.025
& |
- (e esteeie—sle—sle— e e e X
5 10 15 20 25 30

Ny

(¢) Error for different problem dimensions.

Fig. 1. Mean of the identification error (——), data-based bounds (

Carlo simulations. Shaded areas are respective 3o-bands.

tion error bounds are more conservative than their data-
dependent counterparts. This is to be expected since
the data-dependent identification error bounds only take
into account the data that is observed and need less po-
tentially conservative steps in their derivation. Further,
even in a high-data regime, both bounds overestimate
the true identification error, where as expected the ab-
solute value of the gap decreases as the number of sam-
ples increases. Additionally, Fig. 1(b) shows that the de-
pendency O(1/vT) on the sample size captured in the a
priori identification error bound is correct.

Now, we focus on the dependence on the problem di-
mension n,. To this end, we consider random B; and By
with n, varying between 1 and 30. Again, we use Monte
Carlo simulations to evaluate the identification errors
and identification error bounds for 7' = 250000 sam-
ples. The results are displayed in Fig. 1(c). It is apparent
that the identification error increases as expected with
the problem size. However, as shown in Fig. 1(d), the
conservatism of the error bounds decreases as the prob-
lem size n, increases. As before, the data-based bound
is consistently less conservative than the a priori bound.

5.2 Controller design

Next, we study the incorporation of the different types
of identification error bounds for control design. In par-
ticular, we design a controller for the bilinear system (2)
following Theorems 13 and 14 with the data-dependent
individual identification error bounds (Section 4.1) and
the ellipsoidal identification error bounds (Section 4.2).
Here, we study the different error bounds in terms of 1)
the feasibility of the controller designs depending on the
data length, and 2) the size of the guaranteed RoA of
the regional design in Theorem 13. We note that we do
not consider the a priori identification error bounds in
the controller design, as they are more conservative than
the data-dependent bounds according to the previous
section. The simulations are performed in MATLAB us-
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Table 1
Required data length for a feasible controller design for the
academic example in Section 5.2.1.

rLmi(x), RoA: [|z]3 < ¢ ksos(z)

c=0.1 c=0.6 c=0.9 RoA: R?

Indiv. | T=360 T =2263 T =234668 | T = 5145

Ellips. | T=33 T=213 T=3999 | T = 1040

Comp. ‘ 0.0055s  0.0066s 0.0070s ‘ 0.0135s
time

ing the YALMIP toolbox (Lofberg, 2004) with its SOS
module (Lofberg, 2009) and the solver MOSEK (2022).

5.2.1 Academic example

We start by considering the dynamical system

11 1 10
Ty = x + u+ ur +w,  (38)
01 1
where we assume a compact input space U = [—2,2].

For the regional controller design in Section 4.3.1, we
define the region of interest X in (32) via the norm
bound ||z]|3 < ¢. We emphasize that with high proba-
bility the RoA Xpy1 C X is invariant under our control
law (35), where Xp,Mm1 corresponds to the sublevel set
V(z) < 1 of the Lyapunov function V(z) = 2" P~z for
P > 0. Hence, we maximize the trace of P subject to the
LMIs (33), (34) to find the largest RoA. In comparison,
the SOS design in Section 4.3.2 is performed for o = 1
and uq(z) = 1+ [z]3 + [2]1[z]2 + [2]3 € SOS4 [z, 2a].

First, we study the feasibility of the controller designs for
the two types of identification error bounds. In particu-

lar, we select w =" N(0,02 1) with o, = 0.1, 6 = 0.05,
sample z(©) "X A7 (0, I), and numerically determine the
minimally required data lengths. Here, we restrict our-

selves to data lengths Ty = 77 = T, but note that gen-
erally the lengths could be chosen differently. The re-



Fig. 2. RoA of the academic example for X = {x | ||z||* < ¢}
and the minimum required data length for individual error

bounds ( ) and ellipsoidal error bounds (- - -) as well as
the RoA with ellipsoidal error bounds for the minimum data
length required for individual error bounds (- ).

sults in Table 1 show that the ellipsoidal error bounds
require less data to design a feasible controller compared
to the individual error bounds. In other words, the el-
lipsoidal error bounds allow for larger RoA for a given
data length. This is in line with Fig. 2, where we show
the RoAs corresponding to the simulations in Table 1.
We emphasize that the RoA of the regional controller
design is determined by P whose trace is maximized in
the controller design and, thus, the obtained RoA for
more data is not necessarily a superset of the RoA for
less data. However, this could be ensured by adding a
suitable set-containment constraint to the optimization
problem, which would come at the cost of less degrees
of freedom in the controller design. Notably, the SOS
controller kgpg is globally stabilizing, i.e., on the entire
state space Xsos(c*) = R?, and it is feasible for less data
than the regional controller for ||z < 0.9. However, the
complexity of the SOS controller design is higher than
the regional controller design, which is reflected in the
computation times in Table 1.

5.2.2  Nonlinear inverted pendulum

Next, we illustrate the application of our results to a
nonlinear system using the link with Koopman operator
theory discussed in Section 3.4. To this end, we consider
the nonlinear inverted pendulum (Tiwari et al., 2023;
Verhoek et al., 2023; Strésser et al., 2025d)

[Zh + TS[Z]2
2y = 39
7 ol + T sin((ehy) — Lt (sl + Ly u] (39)

with mass m = 1kg, length [ = 1m, damping coeffi-
cient b = 0.5, gravitational acceleration g = 9.81m/s?
and T, = 0.1s. We follow Section 3.4 and define the

¥
lifting function x = ®(2) = |[z]; [2]. sin([z]l)} lead-
ing to an uncertain bilinear system representation in x.
Here, we assume that the lifting function ® gives an
exact finite-dimensional Koopman representation of the
system dynamics. However, we emphasize that, when an
exact lifting is unknown, the approximation error of the
(finite-dimensional) Koopman representation cannot be
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Fig. 3. Closed-loop trajectories of the nonlinear inverted pen-
dulum example in Section 5.2.2 with the SOS controller kgos.

neglected in the controller design; see Strasser et al.
(2025b,¢) for a detailed discussion. For the simulation,

we select w "R N (0,02 1) with o, = 0.001, § = 0.05,

sample z; Y (0,I). Then, we assume a compact in-
put space U = [—80, 80] and collect Ty = 77 = 2000 data
samples. Following Theorem 9 and Algorithm 2, we de-
termine the corresponding ellipsoidal error bounds and
the respective Qa in (31). For the SOS-based controller

design in Theorem 14, we choose @ = 1 and
20 2a0—1

wale) = 1+ S [l (el € S0, [z, 20
i=0 j=0

The obtained closed-loop trajectories are depicted in
Fig. 3 to illustrate the controller’s performance. Overall,
these results show that our approach can be readily ap-
plied to nonlinear systems using the link with Koopman
operator theory, paving the way towards the design of
data-driven controllers for nonlinear systems using data
affected by stochastic noise.

6 Conclusion

In this work, we leveraged tools from statistical learn-
ing theory to derive finite sample identification error
bounds for the identification of unknown bilinear sys-
tems from noisy data. The derived identification error
bounds are then combined with robust control for bi-
linear systems to obtain an exponentially stable closed
loop. The presented numerical studies show the inter-
play between identification error bounds and controller
design. To the best of our knowledge, this is the first
work connecting statistical learning theory results with
robust control to provide end-to-end guarantees for in-
direct data-driven control of bilinear systems from finite
data affected by potentially unbounded stochastic noise.
We note that the results of this work provide a promis-
ing avenue for indirect data-driven control of nonlinear
systems by means of Koopman operator theory and view
this as an interesting direction for future work.
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A Technical results for the proof of Theorem 5

In the following, we provide technical results used
throughout the proof of Theorems 4 and 5. The following
proposition is a generalization of Matni and Tu (2019,
Proposition I11.1) to sub-Gaussian noise and sampling.
Proposition 15 Let z() “%* subG,,, (02) and w® S
subG,,, (62). Fiz a failure probability 6 € (0,1) and let
T; > 1log (9%"= /5), then it holds that

[Hzxw |, <t/ Tog @ 57| < 1-
PROOF. The proof can be carried out in the same way
as the proof of Matni and Tu (2019, Proposition I11.1). O

The following Proposition provides a lower bound on the
smallest eigenvalue of a covariance-like matrix and is a
variant of Vershynin (2012, Theorem 5.39).

Proposition 16 Let z(*) o subG,,, (02). Fiz a failure
probability 6 € (0,1) and some ¢ € (0,3). Let T; >
£ log(2- 9"« /6). Then it holds that

T;
P [Amin (Z l‘(é)x“)T> > o,T;(1 — 20)2] >1-0.
=1
PROOF. First we define o,y = 20,
y© e subGnT( ). Now note that Z x(z
o2 E y Oy

elgenvalue of Z =

such that

07 =

, 1.e., it suffices to analyze the smallest

Zthl y(f)y“)T. Next, observe that
T

Z=YTY, withY = [y ... y()]| . Using this defi-

nition it holds that o2, (V) = Anin(Z), where opin(Y)
denotes the smallest singular value of Y. Applying

Vershynin (2012, Lemma 5.36) with B = \/%Y yields
H%YTY - IH < max(e,?) = Anin(Z) 2 T(1 - €)%
(A1)

In the following, we deploy an e-net argument to show
the bound on the Lh.s. of (A.1). To this end, let {vj }2L,



be an 1—covering of S"=~1. By Vershynin (2012, Lemma
5.2) we have M < 9™ and consequently

&Yy~ 1| <2 _max [ul (FYTY - 1)w
g kEN[1 gna)
=2 max %U;YTY’U]C — 1‘.
kEN[Lgna:] K

Clearly, for any integer k € N[y gn.] we have v, LY TYyy, =

ST oy Oy T, = ST (2, where ¢ = vy fol-
lows a sub-Gaussian distribution with variance proxy
O'g = 1. Hence, (7 is sub-exponentially distributed with
parameters (4, 4), the sum Z/}T:l (7 is sub-exponentially
distributed with parameters (47;,4) and has expected
value T;. Applying the two-sided version of Wainwright
(2019, Proposition 2.9) with t = ¢T3, ¢ € [0, 1], we obtain

|£§;<@

) A1y
=2e "8 .
gn. T

PllogY "Yv, —Tj| > ¢T;] = P

<

(A.2)
Observing that
ol YT Yo, — T3 > Ty & ’T%UI;FYTYU;C _ 1‘ >

union bounding over all vy, and solving the right-hand
side of (A.2) for a burn-in-time condition, we conclude

‘ 1

T;

with probability at least 1 — & if 7; > 5 log(2 - 9™ /4).
Combining (A.3) with (A.1) results in the desired result,
where we require ¢ < % for a non-trivial lower bound. O

Y'Y — IH < 2c (A.3)

The following general result is a direct consequence of
Hoeffding’s inequality and a covering argument.

Lemma 17 Let z(0 “&* subG,,, (62) and fiz a failure
probability § € (0,1). Then it holds that

T;
P T O] < 25,1/2T; log(97= /5) | > 1—6.
Lerggxllv ;w | < 302\/2T3 log(97 /5) | >

PROOF First, we define o,y¥ = z(® such that
yo’ £, “subGy, (1). Note that

ot
{=1

i.e., it suffices to analyze
T; T;
S50

Since we cannot evaluate the maximum in (A.4) directly,
we approximate the maximum over the sphere by the
maximum over an e-cover. To this end, we define NV, to be
an e-net of S"»~1. Defining v* as the maximizer of (A.4)
it follows that for some vy € N, that approximates v* =

max
veSnz —1

max
veSnz —1

T
T3]
=1

max
vESNT -1

(A.4)
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arg maxX,cgn, 1 [U Z?Zl yD|, such that ||vg — v*|| < e,
where € € [0,1), we have

T; T; T;
’v,;r Zy(o’ > |t T Zy“)‘ - ’(v* — )" Zy(l)‘
=1 =1

T;

Z v H2
=1
Choosing € = 7 yields with Vershynin (2012, Lemma
5.2) that JNV| < 9"=, and by (A. 5) we obtain

T; T
1 — (0) T (0)
|22 = e, o Zy w 3o
=1 p
(A.6)
Note that, by construction, v;—y(@ ~ subG(1) for any
integer £ € N gn.] since y® ~ subG,, (1). Thus, by
applying Hoeftding’s inequality for each v, we obtain

P (|3 oty > VETTR < -

Taking the umon bounding over all v, € N, yields

P (5’<\/2T1 w5y >1—
Leg[llaim ka Yy og(9n= /) J.

By (A.6) and (A 4), we deduce

4
P T <Z>’ < 2o, \/2T 10g(9% /8)| > 1—6
Lerél%xl v ;x <30 og(9m=/5)| >

which concludes the proof. O

Y

(1—¢) (A.5)

=

g - max
3 LEN[; gna)

B Proof of Lemma 10

First, we show that if z "~ U(a) then sin(z) is a zero-
mean random variable. In particular,
o0

E[sin(z)] = /_ sin(z) fx (z)dx = % 3

Further, observe that sin(z) € [—1,1] for all z € R and
let v € S' and A € R. Now, let € be an independent
Rademacher variable.* Note that since v ' ¢ is symmet-
ric, v ¢ and ev " € share the same distribution. Hence,

Blee] = [ee]

A (ng) A2 (vqz4vg sin(z))?
<E [ ] =E [e 2 ,

where the inequality follows from Wainwright (2019, Ex-
ample 2.3). Since the variance proxy needs to hold for
all v € S, we consider

max v22? 4 03 sin’(x) 4 20 vex sin(z).

a

sin(z)dz = 0.

In the followmg

5 e crudely bound this by

maxvla +vs +2a= max vi(a®—1)+2a+1.
veSt v1€[—1,1]
Clearly, this yields
E [ewﬁ} < {e T, itac (01)
= e¥ @ +2a), if a € (1,00),
which concludes the proof. O

* A Rademacher variable ¢ takes the values {—1,1} with
equal probability.



C Proof of Proposition 11

We prove Proposition 11 by deriving the quadratic
bound in (28) from the individual identification error
bounds in (22). To this end, recall the residual r(z, u)
in (27) and observe that we can rewrite it as

r(z,u) = (1= [ul.)AAz+ ABou; + Y _[uiABz, (C.1)

=1 i=1

where AA = A — A, ABO = BO — Bo, ABZ = B,L — Bz
Then, the identification error bounds (22) yield

Ny

(2, w)ll2 < 1= [ulsl|AAll2llel + | > I[ABol:I3ull

i=1 i=1

Moy

+ > il |ABi |2l
i=1

< [glggll . Z[um] callell + [ 35 Tl
=1

i=1

+

Ny
rggg; I[U]ilfsi} [Ed]
=

with probability at least 1 — 4. Recall ¢, ¢, in (30) and
observe with probability at least 1 — ¢ that

Ir(z, )l < (callzll2 + cullull2)® < 265|213 + 2¢5[lull3-

This ensures the quadratic bound in (28) with probabil-
ity at least 1 — § for Qa as in (29). O

D Proof of Proposition 12

In the following, we prove Proposition 12 by deriving the
quadratic bound in (28) from the ellipsoidal identifica-
tion error bounds in (25). Based on the representation
of the remainder in (C.1), we deduce with probability at
least 1 — ¢

(e, w)ll3

Ny

— )7 ((1 — 3 [ul:)AAz + ABou + Z[u]iABim)

i=1

Moy

=" ((1 - i[u]i)AA:c + "_Z“ [[AA;:%]T [[Eﬂ]lfc] )

<z (ne+1)(1 - "Zu[u]i)QAATAAg:

i=1
Nu ABT T ul;z
+ Z(nu +1) [+ ¥ [[ABJ}I] [[[J]i ]
i=1

Ny

< (nu+ D) (=Y w)’e Ean+ Y W Em, [ 1)),
=1 =1

where we exploit the binomial expansion for the penul-

timate inequality and (25) for the last inequality. Hence,

Ir(z, w)ll3 < 2" (nu +1) max|1 — Z}[U]f&w

+ (nu + D) T 8 | ) 0 1]

with probability at least 1 — §. Then, defining Ep as
in (31b) yields the Qa in (31). O
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