Adaptive control mechanisms in gradient descent algorithms
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Abstract— The problem of designing adaptive stepsize se-
quences for the gradient descent method applied to convex and
locally smooth functions is studied. We take an adaptive control
perspective and design update rules for the stepsize that make
use of both past (measured) and future (predicted) information.
We show that Lyapunov analysis can guide in the systematic
design of adaptive parameters striking a balance between
convergence rates and robustness to computational errors or
inexact gradient information. Theoretical and numerical results
indicate that closed-loop adaptation guided by system theory
is a promising approach for designing new classes of adaptive
optimization algorithms with improved convergence properties.

I. INTRODUCTION

Convex optimization algorithms are at the core of many es-
tablished methodologies in control and reinforcement learn-
ing, for example receding horizon control [1] and convex Q-
learning [2]. In all these applications, one typically requires
algorithms that are fast (to reduce computational time) and
robust (e.g., to be less sensitive to error in the problems data).
Developing systematic methods to analyze these properties
and design for them is a very important step to make these
tools of more widespread and dependable use in applications.
Because iterative optimization algorithms can be seen as
open dynamical systems, tools and viewpoints from control
theory can be a valid standpoint to approach these tasks
[3], [4]. Towards this goal, we consider here the basic
unconstrained optimization setting where the objective f is
convex and only locally smooth. We approach the design of
a stepsize sequence (o )ren as an adaptive control problem
where the goal is to guarantee that the interconnection
between the algorithm and the stepsize law converges to the
minimizer set. We do this while capturing performance and
robustness trade-off of this adaptive closed-loop.

Even though gradient descent (GD) methods are standard
in optimization, analysis and design of varying stepsizes is an
active area of research. For the case of Ls-smooth objective,
one line of work has developed pre-defined sequences of
large stepsizes (i.e., with instances where these are larger
than L%) and showed that they can accelerate convergence
[5]. While convergence guarantees and the sequence of
stepsizes generally depend on the value of the stopping time
which must be selected a-priori, very recently [6] showed
that this strategy provably achieves anytime convergence
guarantees that strictly improves upon the classic O(%)
Besides the restriction to smooth objectives, the fundamental
idea of these approaches is to pre-compute the sequence
of stepsizes independently of f (except for its smoothness
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constant) and of the initial iterate, thus the stepsize sequence
is effectively an open-loop input to the GD dynamics. In
another line of work, the case of locally smooth objective
has been addressed by proposing stepsizes that adapt to the
local geometry [7]-[9], including extension to the proximal
gradient method for composite problems. In these works,
feedback from the current and past iterates is leveraged to
estimate a sequence of local smoothness constants which
are used in the stepsize’s update. By doing so, the standard
requirement of global smoothness is lifted, and progress to
the optimal value is empirically much faster even though a
better rate than O(4) could not proved.

Inspired by this prior work, we make a first attempt
to combine feedback and feedforward (or predictive) ac-
tions in the selection of stepsize laws for gradient-based
methods applied to locally smooth objective. We approach
the problem similarly to the analysis-informed design of
adaptive controllers whereby appropriately constructed Lya-
punov functions guide the selection of parameters so that
boundedness and convergence guarantees can be established.
We also investigate questions on robustness of such adaptive
systems, and recognize components of the designed adaptive
mechanisms that can mediate between performance and
robustness, e.g., to errors in the gradient information. Besides
the new technical results, we see as central contribution
of this work the consideration of the role of feedback and
predictive actions in adaptive optimization algorithms. Even
though in a different context, connections between convex
optimization and adaptive control were also studied in [10].
For space constraints and readability, the proofs of all new
technical results are either in the Appendix or in the extended
version of this paper [11].

Notation: We denote by (z,y) the standard Euclidean
inner product in R™ and by | - | its induced norm. We use
N for the set of natural numbers. Given u, v € R", we refer
to the following as the Pythagoras identity

lul = fu = vf* = o]* + 2¢u, v)

The convex hull of a set of points is denoted by conv.

II. PRELIMINARIES

We consider the unconstrained problem

min f(x) (1)

xeR™

and we denote with X™* its set of minimizers and with f*
its optimal value.



Assumption 1: We make the following standing assump-
tions:

e f:R™ — R is locally smooth, i.e., f is differentiable
and, for every convex and compact set D < R", there
exists Lp € (0,00) such that Vz,y € D:

IVf(y) = VI@)| < Lply — |- 2

o fis convex, ie., Vx,y e R"

fly) = @) + {V f(2),y — ). 3)

o X*# @and f* > -0
Local smoothness, or equivalently local Lipschitz continuity
of the gradient, defines a rather general class of functions. For
example, any twice differentiable f is locally smooth since
(2) holds with Lp = max,cp ||[V2f(v)|, which is finite due
to continuity of the Hessian and compactness of D.

One of the most popular methods to solve (1) is gradient
descent (GD), which generates a sequence of iterate (zx)xkeN
by applying the following simple recursion

Tpy1 = xp — o Vf(xg), keN, 4)
starting from a given xy and choosing an appropriate se-
quence of stepsizes (ag)gen. We will denote by Fy =
f(xg) — f* the optimality gap at iteration k.

Standard convergence analyses of GD assume that f is

(globally) Ls-smooth, i.e., f is differentiable and there exists
L € (0,00) such that Vz,y € R"

IVf(y) = V@) < Ly — =, )

or equivalently Vz,y e R™

F) < 1) + (Vi y— o)+ 2y -2l ©

In this case, one can guarantee global convergence of (4)
to an element of X* by restricting the choice of step-
size [12]. Most of the analyses show convergence with
constant stepsizes in the ranges Lsa € (0,1] or Lsa €
[1,2). As a summary of the available analysis results, we
provide a Lyapunov-based analysis that encompasses any
time-varying stepsize sequence satisfying': Lgay, € (0,2);
limsupy,_, o Lsar # 2; liminfy_, {0 ag # 0.

Theorem 1: Let (z1)ken be a sequence generated by the
GD method (4) applied to a Ls-smooth function f also satis-
fying Assumption 1 with any time-varying stepsize sequence
satisfying Loy, € (0,2), k € N. Define the function

Vi(x*) = |op — 2*]?, z¥e X*. (7)

'We make the last two technical restrictions to simplify some steps in the
derivation of the rates in view of the very unrestricted range of time-varying
stepsizes; this is without loss of generality, e.g., [13, Section 4] consider
the specific case where Lsay, € [1,2), limy_, o0 Liap — 2.

Then for any z* € X*, k€ N and 7 € R”, it holds®
077

Vs = Vi <~ 2 L) (1 + o) [V o)
(8a)
2RV
F < P —— 8b
S ous 4 % Fok (8b)
1V ()] < Zelzo =2l (80)
c k ’

where ¢, ¢z € (0,00) are problem-independent constants.

The proof builds on standard results [12], [13], but an analy-
sis encompassing arbitrary sequences (o )ken, and yielding
(8) is not present in the literature. Precisely: (8a) gives the
existence of a Lyapunov function for (4) which can be used to
show boundedness of the iterates and global convergence to
the set X™; (8b) and (8c) show convergence rates for function
values and gradient which have no worse dependencies on
L and k than those found in the literature and focusing on
constant or smaller ranges of stepsizes [12], [13].

The goal of this work is to develop a GD algorithm
achieving similar guarantees to Theorem 1 under the standing
Assumption 1 only. The only degree of freedom in (4) is the
stepsize sequence, and we approach its design as an adaptive
control problem where () e is an input that can be chosen
based on feedback and feedforward information to steer the
iterate towards the set X™*.

III. ADAPTING STEPSIZE TO LOCAL SMOOTHNESS
A. A local smoothness estimate

The intuitive idea for using the GD method without
assuming (global) smoothness of the objective is to adapt the
stepsize sequence to the local geometry of the cost function.
A natural measure of it along the GD iterates is the local
smoothness estimate

Ly = L(z+1,T5) = IV (@ren) = Vf(:ck)H’

|lzk+1 — @k
_ VS (ke — an V(@) — V()|
x|V f(xr)]| '

©))
At iterate k, this estimate depends both on past information
through x;, (feedback) and one-step ahead future information
through x. 1 (feedforward).

While after Theorem 1 it would be tempting to conjecture
that a stepsize sequence satisfying Loy € (0,2) could
satisfy our goal, the following results instill caution.

Lemma 1: Consider a convex and differentiable f.

(i) Given L(y,z) defined in (9), Yy, x € R®

fy) < f(@)+(V f(@),y—a)+ Ly, )|y —=[>. (10)
(i) The sequence generated by (4) GD satisfies

Fk+1 <Fk—(l—Lkak)OékHVf(l'k)HQ (11)
(iii) If Lo € (0,3), then
Vi (@) = Vi) < =205 Fq1. (12)

2We omit the argument of V'* for brevity and formatting reasons.



Item (i) shows that, compared to the global smoothness
constant Ly, the local smoothness estimate Lj can be larger
up to a factor of two, compare (6) and (10). A direct
consequence of this is item (ii), where Eq. (11) clearly
implies that a guaranteed function value decrease holds if
Loy, € (0,1). Finally, item (iii) shows that setting the
stepsize to Liyay, € (0,%) guarantees the existence of the
same Lyapunov function V* in (7).

We note that the sufficient condition Lyay € (0,1) for
function value decrease in item (ii) is, in general, also
necessary. Indeed (11) follows immediately from (10), which
has recently been shown to be tight [14].

Lemma 2: [14, Proposition 2.3] Given 5 € (0,1), there
exist a convex and differentiable fg, y,z € R™ such that

fo(y) = fo(x) +{V fs(@),y =)+ BL(y, x) [y —x|*. (13)
B. Adaptive feedback-feedforward gradient descent

We propose here a novel stepsize update law that uses Ly
to adapt to the local geometry by combining feedback and
feedforward mechanisms.

The update law reads as:

ap = min{a,(:), a,(f)},
1— 2
where o, Ti

W _ M @) Gk < > (14)
Ly ok Y \1=-7%_,/)"
(Vk)ken < (0, 1).

where (V;)ren is a scalar sequence of parameters inside the
specified range. The stepsize «y is chosen as the smallest
between the two upper bounds a,(fl) and 04,(62). The former
one is the intuitive choice discussed in III-A. It is worth
observing that, whenever ;, € (3,1), Lkag) € (0,7). That
is, oy in (14) can be up to two times larger than the bound
in item (iii) of Lemma 1 guaranteeing the existence of V* in
item (iii), and can become as large as the fundamental limit
in item (ii) of Lemma 1. The bound a,(f) instead limits the
increase of stepsize across two consecutive iterations and
does not depend directly on the local geometry, but only
on the last value of the stepsize. As it will be shown in
Section III-C, this bound also gives some inherent robustness
to the algorithm. Intuitively, the first constraint is active in
regions of the variable space where f changes rapidly (or
is less smooth), whereas the second is active when, due to
the function’s flatness, the stepsize would tend otherwise to
overly increase. Finally, the parameters (yx)xen are a tuning
knob to navigate the speed of convergence vs. robustness
trade-off discussed later. While any value (constant or time-
varying) in (0, 1) is valid, one intriguing option is to use them
as additional adaptive parameters. For example, they could
be modified online so that the two upper bounds are as close
as possible and thus «y, is maximized at every iteration. This
option will be further explored in Section IV.

The interconnection between the classic GD recursion (4)
and the adaptation law (14) is shown schematically in Figure
1 and we will refer to in the following for brevity as AFFGD
(adaptive feedback-feedforward gradient descent).

GD (4)
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Fig. 1.  The adaptive feedback-feedforward gradient descent algorithm
(feedforward paths with dashed line).

The following result gives convergence guarantees for
AFFGD by using a Lyapunov analysis which, albeit de-
parting from the one used in Theorem 1 and under weaker
requirements, yield qualitatively similar results.

Theorem 2: Let (xy)ren be a sequence generated by the
GD method (4) applied to a function f satisfying Assumption
1 and with stepsize law (14). Define the function

* * 2a - * *
Vi(z*) = |lop — |\2+71_’“21 F,, z*eX*. (15)
V-1
Then for any 2* € X™* and k € N, it holds that
2 2
VkaJrl—V]?é —1jk2 (al(f)—ak) Fk—’l)k (168.)
Vi
2
lzo — 2*|* + 200 1222 Fo
) < — 2l (16b)
2251
k—
IV f(x)| =0 (16¢)
where
2
A 2 Qg 2
Vg 1= Vf(x + Vf(x 17)
b= e V@ + T IV @)l

and Lp, is the local smoothness constant over a convex and
compact set D containing x; and x*.

Eq. (16a) shows that function V*? is a valid Lyapunov
function for the closed-loop dynamics (4)-(14) which gives
boundedness of the iterates, asymptotic optimality (16¢) and
global convergence to the set X*. Eq. (16b) gives a guar-
anteed last iterate convergence. As shown in the proof (cf.
Eq. 36), the stepsize sequence (a)ken 18 separated from 0,
and thus (16b) yields immediately a guaranteed convergence
rate of (9(%) as in the standard smooth case. However,
the denominator of (16b) points out that we can accelerate
convergence by maximizing the sum of stepsizes. We can
achieve this by adapting online the parameters (Vi )ken tO
make a,(;) and a,(f) as close as possible. Compared to
the recent literature on adaptive gradient descent [7], [9],
AFFGD provides convergence rate guarantees on the last
iterate (16b), a Lyapunov function with the two standard
terms relating to suboptimality distances (15), and a larger
available upper bound on the stepsize with respect to the
local geometry, compare with [8, Table 1]. On the other
hand, it is also important to recognize that the computation



of a,(cl) is a disadvantage of the proposed formulation as it

involves forward prediction. While for some special cases
this can be done without extra computation (e.g., when f is
quadratic with Hessian M, then Lj only depends on M and
the current gradient), in general this requires a linesearch
procedure that can be easily automated but might result in a
more expensive per-iteration cost. Most importantly, we show
next that limiting the growth rate of oy (e.g., as currently
done via a,(f)) provides robustness to inexact gradients, for
example due to errors in the linesearch procedure.

C. Robustness

The system theoretic view on AFFGD (Figure 1) prompts
the question of robustness of the closed-loop. For example,
one can consider stepsize updates where the first upper bound
in (14), involving forward prediction, is not exactly satisfied

@(1)'22 Vk
koo akLk’

N

o ay € (0,1) (18)

Because d,(:) > a,(el), this can capture errors in the gradient

information (e.g., noisy evaluation, inexactness of the line-
search) inversely proportional to the parameter ay.

Let us define the scaled sequence (9 )keny With
Y= 2 > . If ap € (9, 1), then Jx € (yx,1)Vk € N.
Then we can simply observe that we can still guarantee the
results of Theorem 2 if we tighten the second upper bound

in (14) correspondingly, that is we impose

a® . Q=1 ( 1-3; > .

g 771? 1= 5’13—1
Indeed the conditions prescribed for the stepsize (14) are sat-
isfied with respect to the scaled sequence (Jx)ren < (0,1).
This observation provides two insights. First, limiting the
growth rate of «y, (through oz,(f)) adds robustness to inexact
gradient information, which also contributes to understanding
the role of the second upper bound (14). Second, the tuning
parameters (x)xen provide a means to navigate the trade-off
between speed of convergence (when it is chosen adaptively
to make a,(fl) and a](f) close and thus maximize the rate of
convergence) and robustness (when it is chosen away from

1 to have robustness against perturbations ay, € (v, 1)).

It is natural to ask what happens when a; € (0,7%],
which models scenarios where perturbations are large or 7
is chosen close to 1. In this case the analysis in Theorem
2 does not apply but the following result provides a first
answer.

Lemma 3: Let (xp)ren be a sequence generated by the
GD method (4) applied to a function f satisfying Assumption
1 and with stepsize law

19)

k
o= 5 e (0,1), ape (0, (0)
akLk
Define the function
* * ak_ * *
VP(*) = o — 22 + = |aper — af?, 2 e X

2y

Then for any z* € X* and k € N, it holds that
2 2

A L
k k 22)

Note that Eq. (20) allows perturbations to even determine

stepsizes that results in Liyayp > 1. Condition (22) shows

that, even in such extreme scenarios, limiting the growth rate

of oy, guarantees robust convergence. Indeed, if in addition
to (20) it holds

ag
p < — Q-1
Tk

(23)

then the decrease of VP is guaranteed. While (23) is restric-
tive as for large perturbations it effectively prevents a, from
increasing, it provides another important characterization of
the robustifying effect of limiting the growth rate even in
this large perturbations regime. Moreover, we observe that
requiring (23) is not necessary because we are ignoring the
second negative term on the r.h.s. of (22). We conjecture
that positive growth rate conditions allowing Liay > 1 are
possible, but for space reasons we leave this for future work.

IV. NUMERICAL STUDY

We study and compare numerically the performance of the
proposed AFFGD algorithm?. We consider logistic regres-
sion, that is, given IV features s; € R™ and labels y; = +1,
the goal is to find a linear classifier 2* € R™ by solving

i 24
min (24)

N

1

v 2 los(l + exp(—yizTsy)).
1

The objective is convex and globally smooth with Ly =
v Omax (S)%, where S € RNV*™ is the feature matrix. The
application of GD to (24) has recently received attention [15]
due to the complex behavior of the iterates for large stepsizes
(i.e., greater than L%) with not linearly-separable data. To test
this regime, we generate random data with N = 50, n = 2.
In a first set of results displayed in Figure 2, we compare
five GD algorithms (4) that differ for the step-size: GD uses
the classical choice o, = L% (=~ 1 in this case); GD TV is the
dynamic update rule proposed in [13, Theorem 4] whereby
Lsay, € [1,2) and the stepisze is monotonically increased
according to a pre-determined law with Loy — 2; AdGD
[9, Algorithm 1] and AdaGM [7, Algorithm 2] are recently
proposed adaptive GD schemes which also adapt to the local
geometry by only using past information. Finally, AFFGD is
the update rule proposed in this work (14) with a constant
tuning parameter v = 0.7 and arbitrary initialization a_;.
The results show the clear impact that adaptation has
on accelerating convergence. Even though the problem is
globally smooth and the first two methods are guaranteed
to asymptotically converge, they are slow compared to the
adaptive ones. In that regard, the right plot shows that the
sequence of adaptive stepsizes, during the iterations before
convergence, sum up at a rate which is faster than linear. We
also observe that AFFGD, implemented here using a simple

3Codes to reproduce the results are available at:
https://github.com/col-tasas/2025-AFFGD
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Fig. 2. Optimality gap and stepsizes of algorithms solving (24).

linesearch to verify the condition imposed by a,(cl), markedly

outperforms the other two methods at the cost of a slightly
increased computational time (0.13s against 0.1s). We finally
note that, when simulating GD with o > 2OL% and GD TV
with Loy, — 40, we observed non-converging behaviours as
described in [15]. This is interesting because these stepsizes
are still quite smaller than those (succesfully) employed in
many iterations by the adaptive schemes (see the y scale of
the right plot in Figure 2).

We focus next in Figure 3 on AFFGD and investigate
the effect of the sequence of tuning parameters (Vg )gen-
We compare three scenarios where this parameter is kept
constant at some pre-defined value (y = {0.2,0.7,0.95})
with the adaptive case where 79 = 0.95 and then it is
changed adaptively using the simple recursion

1 . SNCY;
g Vk—1; A1 = Q" q,
Ve = (2) keZs (25)
Ovk—1; Qg1 = O 4,
where § = 0.9 is a free parameter defining the strength

of adaptation of ;. The rationale is to recursively update
~& based on the last active constraint in order to determine
similar values for the two upper bounds a,(cl) and a,(cz), and
by doing so maximize the sum of «; which, as shown by
our analyses (16b), accelerates the convergence rate. The
left plot shows, as expected, that v = {0.2,0.95} yield low
performance as they increase one of the bounds at the cost of
strongly decreasing the other (which is then always active).
On the contrary, the dynamic update rule (25) is able to
recover from the bad initialization vy and determine larger
values of stepsize and faster progress than those achieved
with v = 0.7 (which was fine tuned offline).

Finally, we take a numerical perspective on the robustness
of AFFGD. Guided by the analytical results in Section III-
C, showing that limiting the growth rate of «y, through a,(f)
robustifies the algorithm, we compare AFFGD with a simple
backtracking line search (BLS) that sets ap = z—’; We
implement the update rule as xg41 = z —(1+ )V f (k)
to analyze the effect of numerical or gradient estimation
errors quantified by the positive scalar §. Figure 4 shows,
in agreement with Lemma 3, that AFFGD (solid) is only
marginally affected by such errors, while the convergence of
BLS (dashed) degrades and is lost for § > 1.1.
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Fig. 3. Analysis of AFFGD for different choices of ~yy. Asterisk and circle
markers denote points at which oy, = a](cl and o = « If), respectively.
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Fig. 4. Robustness of AFFGD vs. a simple backtracking strategy.

V. CONCLUSIONS

We consider the design of adaptive stepsize sequences
for gradient descent methods driven by local properties of
the objective. We frame the problem as an instance of
adaptive controller where the input (stepsize) to the plant
(GD method) is computed as a combination of feeedback
and predicted information. Theoretical results and numer-
ical experiments support the idea of pursuing closed-loop
adaptation to accelerate convergence while increasing robust-
ness. Future directions include online optimization problems,
where adaptation should capture both local geometry and
instantaneous variations of the objective. We view the system
theoretic framework in [16] as a promising starting point.

APPENDIX

Lemma 4: [17, Theorem 5.8] For any Lg-smooth and
convex function f it holds Vx,y € R"”

1
F) = f(2) +(Vf(@)y — o) + 5 [VFy) = V@)
S
Proof of Theorem 2 (26)
Eq. (16a). We start off by applying Pythagoras identity
(for the equality) and using Lemma 4 (for the inequality)

|lzks1 — & = |or — 2*)* = =200V f (1), 7% — T°)

@
+ oIV I < ~200Fi (<1 4o ) IV )
D
' 27)
where x* € X*. While we could have simply used convexity
in the inequality (and drop the second term), local smooth-
ness implies that Lemma 4 holds Vz,y € Dy, where Dy, is



a convex and compact set containing 3 and z*, and Lp, is
the associated local smoothness constant (2). We now work
on the third term, where we use again Pythagoras identity
but now with u = 41 — 2 and v = X429 — T4+ yielding

|2ks1 — 2il® = RV F(@e)|? = ai |V f(@re1) — VI (zn)]?
— o[V f(rs1)I” + 200V f(@h41), Tt — Ths1)
< g Li|zker — wkl® — ai |V f (1) |* + 200 (Fr — Frgr)

28)
where for the inequality we used the definition of Lj (first
term) and convexity (third term). Using now the upper bound

on «ay due to a,(: (14), we get

(1 =)z — aef* <

(29)
Because (7x)ken < (0,1), we can divide the latter expression
by (1 —~3) and plug this bound in (27) to obtain

2au,

* (|2
— < —_ "
x|* < T2

ps1 — a2 = | Fint

20,
+@_

where vy, defined in (17), is a positive term for all x ¢ X*.
Simple manipulations of (30) yield

(30)

- 204k> Fk — Vg

VA -V < ( Oék:—21 ki ) F — o
L= 1_7k 31)
(14) 2’)/,% 2)
= —1_%% (ak —Cvk> Fk — Vg

where the upper bound on «y, due to ak) (14) guarantees
negativity of the first term.

Eq. (16b). We sum (30) for £ =0,1,...,n — 1 and obtain

. 2Oén n—2
”.’17" — X H2 1_71F + Z kak+1
777, 1 k=0 (32)
N 2a
<o = o + (22 - 200) Fy
I—%
with
(0% «
p = 2( L e akH) . (33)
L= 1=

Observe now that, because of the upper bound on ¢ due to
oz,(:) (14) and (yx)ken < (0,1), from item (ii) of Lemma 1
we have that for all iterations F}y > Fj 1. Note also that

2an
T - +Zwk 2+2Zak+1 (34)
- ,777, 1 _ 1 -
Using these facts in (32) we finally obtain
HIZ’Q — IL’*HQ + 20[0 10 2F0
n < - (35)

2Zk 1 %%
Note that the denominator of (35) grows at least as fast as
k because we can show that the stepsize sequence (ay)xken
is separated from 0. Indeed, the existence of the Lyapunov
function V? for system (4)-(14) implies boundedness of
the sequence (xy)ren. For any z* € X*, define D* :=

conv(x*, xg, 21, ..), which is closed and convex. Therefore,
by local smoothness there exists bounded Lp+ such that (2)
holds on D*. It is then

ap > z’; LWD’“* >0, VkeN (36)
which shows the desired property.
Eq. (16c). We sum again (30) for £ = 0,1,...,n — 1 but
this time also keep the last term v (17). We obtain
n—1
HVf(ack)H? (37)
k=1 L

where the constant ¢z € (0,00) exists due to the bounded

*ai va(ka)H + 20 (Fy — Fk+1)quant1tles involved in (30) and discussed in the previous item.

Because Lp, < Lp+» < ooVk, (37) gives summability of
|V f(x1)|? and thus the result is proven. This shows that all
cluster points of the sequences generated by (4)-(14) belong
to X*. Using the Lyapunov condition (16a) and classic fixed
point arguments, one can then conclude that any sequence
generated by the algorithm converges to a solution.
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