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Abstract— We propose a novel approach for analyzing dy-
namic regret of first-order online convex optimization (OCO)
algorithms for strongly convex and Lipschitz-smooth objectives.
Crucially, we provide a general analysis that is applicable to a
wide range of first-order algorithms that can be expressed as an
interconnection of a linear dynamical system in feedback with a
first-order oracle. By leveraging Integral Quadratic Constraints
(IQCs), we derive a semi-definite program which, when feasible,
provides a regret guarantee for the online algorithm. For
this, the concept of variational IQCs is introduced as the
generalization of IQCs to time-varying monotone operators.
Our bounds capture the temporal rate of change of the problem
in the form of the path length of the time-varying minimizer and
the objective function variation. In contrast to standard results
in OCO, our results do not require neither the assumption
of gradient boundedness, nor that of a bounded feasible set.
Numerical analyses showcase the ability of the approach to
capture the dependence of the regret on the function class
condition number.

I. INTRODUCTION

Online Convex Optimization (OCO) has emerged as a
powerful framework for tackling real-time decision-making
problems under uncertainty. Traditionally, the study of OCO
has focused on proposing online algorithms whose perfor-
mance is assessed in terms of their static or dynamic regret
[1], [2]. In recent years, this framework has raised interest
in the control community both for the design of OCO-
inspired controllers [3] and for using the concept of regret
as a performance metric to evaluate controllers dealing with
uncertainty [4].

OCO algorithms aim to make a sequence of decisions
in real-time minimizing a cumulative loss function that
is revealed sequentially. Several algorithms have emerged,
among which first-order algorithms represent a fundamental
subclass. Each algorithm comes with its individual regret
guarantees and proof techniques to verify them [5]. For the
particular case of strongly convex and smooth objective func-
tions, also accelerated methods [6] and multi-step methods
with regret guarantees have been proposed [7]. However,
a general methodology to approach their analysis does not
exist.

In contrast, for static convex optimization, an automated
approach to analyze first-order algorithms based on systems
theory has been thoroughly investigated in the last years,
see e.g. [8], [9], [10] and references therein. The idea is to
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model the first-order algorithm as a Lur’e system, i.e. an in-
terconnection of a linear dynamical system in feedback with
a first-order oracle. Integral Quadratic Constraints (IQCs) can
then be leveraged to formulate analysis conditions based on
Semi-Definite Programs (SDPs). Recently, this framework
has also been extended to time-varying optimization [11].

Time-varying optimization and OCO are in fact inherently
related [12]. In this paper, we take up tools from [11] to
propose an automated approach to dynamic regret analysis
for first-order algorithms in OCO. By leveraging a system
theoretic view on algorithms, we model an OCO algorithm
as a dynamical system interconnected with a time-varying
first-order oracle. We consider strongly-convex and smooth
objective functions. To handle the time-varying nature of the
oracle, we leverage variational Integral Quadratic Constraints
(vIQCs), which in contrast to conventional IQCs depend
on different measures of temporal variation of the problem.
In line with the OCO literature we obtain a bound on the
dynamic regret that accounts for the path length of the time-
varying optimal solution, the objective function variation,
and the gradient variation. In contrast to the common analysis
approaches in OCO, our proofs are algorithm-agnostic and
thus, applicable to a large number of first-order algorithms.
The regret upper bound depends on decision variables of the
SDP, leaving the possibility to tune the bound by trading off
their magnitude. We show the implicit dependence of the
regret on the function class condition ratio via a numeric
case study.

The main contributions can be summarized as follows. We
provide a general modeling framework for OCO algorithms
and a new proof technique for bounding dynamic regret. No-
tably, our approach does neither require the typical bounded
gradient assumption, nor does it require the bounded fea-
sible set assumption with the use of vIQCs. A numerical
study demonstrates the versatility of the general algorithm
formulation and provides a comparative study of commonly
used OCO-algorithms. We believe the strengths of this new
approach consist of: weaker assumptions required for the
analysis; generality; and insights provided by comparing the
analysis results of different algorithms.

The paper is structured as follows. We state the prelim-
inaries in section II, introducing the notion of regret and
our algorithm formulation. In section III, we introduce the
IQC formulation needed to establish our regret bounds and
illustrate them with numerical examples. In section IV, we
derive our regret bounds as main results. We conclude the
paper in section V.

Notation. Let vec(vy, v2) denote the vertical stack of the



vectors vy, v2. We denote 1, a column vector of ones of
length p and I, the index set of integers from 1 to p. We
indicate by I; a d x d identity matrix. For positive definite
P, we define the norm ||v]|p := Vv Pv. The Kronecker
product between two matrices is written as A ® B. Let
diag(v) denote the diagonal matrix with the elements of a
vector v and blkdiag(P;, P2) a blockdiagonal matrix of P,
Py. We write f(T') = O(g(T)) if limp_,00 % < o0o. A
linear dynamic mapping x41 = Az, +Buy, ye = Cxi+Duy

is compactly expressed as y; = Guy, G = [ o -

II. PROBLEM SETUP
A. Online Convex Optimization

In OCO, an algorithm sequentially selects an action z; €
X from a closed convex decision set X at each time step ¢,
based solely on the information available up to time ¢ — 1.
Upon choosing x;, a convex objective function f; is revealed,
and the algorithm incurs a loss f;(x;). Throughout this work
we assume the objective functions f; are m-strongly convex
and L-smooth, and that X C R%. The goal is to minimize
the cumulative loss over 7' rounds, and the performance
of an OCO algorithm is typically assessed in terms of
regret, which represents the cumulative suboptimality w.r.1.
the best possible decisions in hindsight [13]. In this work,
we define the best hindsight decision as the pointwise-in-time
minimizer
te Ny, (1)

* :
z; = argmin fy(z),

leading to the notion of dynamic regret [2]
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Classical analyses of OCO primarily focus on deriving
upper bounds on the regret. Typically, dynamic regret bounds
are characterized in terms of regularity measures, which
quantify the temporal change of the problem [14], [15].
Notable regularity measures commonly employed in the
literature include the path length and squared path length,
respectively defined as

T T
Pr=>Y lai —aiall, Sr=Y_lof —aial® G
t=1 t=1

and the function and gradient variation

T

Vr =Y sup|fioi(z) — fi(x), )
t=2 T€X
T

Gr =Y _sup [Vfer(2) = VA@. )
t—2 TEX

Table I provides a comparative overview of existing regret
bounds for strongly convex and smooth objectives, alongside
the bounds established in this work.

We will consider (1) in its equivalent composite form

min fi(z) + Zx (), (6)
rER4

TABLE I: Regret bounds for strongly convex and smooth
objectives (OGD=online gradient descent, MD=mirror descent).

Ref. Algorithm Regret bound Assumptions
[15] OGD O(Pr) V ft bounded
[16] Optimistic MD ~ O(log Gr) X bounded
[7] Multi-step OGD O (min{Pr,Sr,Vr}) Vf¢ bounded
Thm. 4 (7) O(Pr) X bounded
Thm. 5 (7) O(St +Vr +Gr) None

where Zy is the indicator function
0 ifreX
I x — b b
x(@) {oo if ¢ X
As it is well known, the subdifferential of Zy is the normal
cone of the set X, denoted as Oy (x) = Ny (x) [17].
B. General First-Order Algorithms

In line with [8]-[10], we consider general first-order al-
gorithms that are expressed as a linear time-invariant system

&1 = A& + Buy,
ys = C& + Duy

with state ¢ € R™¢ in feedback with a first-order oracle
us = p4(y¢). For some integer p > 1, > 0, we consider
that the algorithm makes use of p gradient evaluations of
ft and ¢ subgradient evaluations of Zy, and the input and
output can be decomposed into

(7a)

St 515
= s U = 5 7b
Yt [ZJ t [Qt] (7b)
where s; := vec(s;, ..., s7) and z; := vec(z/, ..., z{), with
st 2zl € R4 for all i € I, j € I, and
Vfilst) 9 4 »
S e I L T RN e
Vfe(sy) 9¢

The case ¢ = 0 is relevant for unconstrained optimization
problems. The algorithm’s iterate coincides with the first
output, i.e., x; =: s;. To enforce that z; only depends on
information up to t—1, we assume the readout is independent
from wu;, that is, the first block-row in D is assumed to
be zero. The first block-row of C is denoted as Cj, i.e.,
xy = C1&. We furthermore assume that the pair (Cq, A) is
observable, so that if the set X is bounded, then the set of
internal states &; is also bounded.

To ensure that this dynamical system is meaningful from
an optimization standpoint we require that the fixed point of
(7) satisfies the first-order optimality conditions of (II-A)

—V fi(z}) € Nx(x}). (8)

We will particularly constrain ourselves to algorithms whose
fixed-points are of the form

* 1P®Id * * 1p®Id * (9)
Y = [1!1 ® Id:| Ty, Up = ~1,® 14 Vft(act),



thatis, si* = 2" = aF, and 6% = —g)™* = V fi(a}), for all
1 € I, j € 1. Moreover, we enforce Buy = 0 and Du; =0,
which will be necessary for subsequent derivations. We make
the following assumptions to ensure (7) exhibits (9) as fixed-

point.
Assumption 1: There exists a matrix U such that
I-A 0
U= , 10
c RE fd] 1o

Assumption 2: If ¢ > 1, then the kernels of the matrices
B and D satisfy

1, ® Iy 1, ® 14
ker B = {_i’q o1, ker D = [_i’q ®IJ . (11)
Both assumptions essentially allow us, given an optimal point
xy, to reconstruct the optimal algorithmic state as {; = Uxy,
which represents a special case of the conditions worked
out in [18]. Assumption 2 specifically ensures Bu; = 0,
Duy = 0 [11]. This is slightly restrictive, however, we still
cover a large class of classical OCO algorithms. We illustrate
the algorithm representation with the following example.
Example 1: Consider the example of the following two-
step projected gradient descent

&y =y [xr — aV fi(z4))]
rip1 = Hx [ — aV fi(2)],
with Iy (2) := argmingcx ||z — 2| and a > 0. To bring

(12) into the form (7) we leverage the first-order optimality
condition arising from the projections, namely

x — aV fi(z) — T4 € aNx(3)
.’f?t — Ckat(ift) — T41 S a/\/){(l't+1).

12)

13)

As a technicality, we scaled the cones by « so that (11) will
be satisfied. Now define the outputs s; £ vec(zy, &), 2 =
vec(#s, 2441) and the inputs &; = vec (Vfi(xe), Vfi(4)),
gt € Nx (&), g7 € Nx(x441). Then, by letting & = x4,
we can write (12) as (7) with p =2,¢q = 2 and

A=1® 14, B:[—a —a -« —a]@[d,

1 0 0 0 0
1 —a 0 —a 0

= 1 ®la, D= —a 0 —a 0 ® La.
1 —-a —a —a —«

In the spirit of Example 1, many relevant algorithms can be
formulated as (7), such as Online Gradient Descent (O-GD)
[1], Online Accelerated Gradient Descent (O-AGD) [14],
the Online Nesterov Method (O-NM) [13] or Online Mirror
Descent [19].

III. IQCS FOR VARYING OPERATORS

Integral Quadratic Constraints provide a framework to
characterize unknown or nonlinear input-output mappings in
terms of inequalities [20]. Informally, an operator ¢ satisfies
an IQC defined by a dynamic filter ¥ and symmetric matrix
M, if for all square summable sequences y and u = p(y) it
holds

T
ST My >0, =¥ [Zj (14)
t=1

for all T > 1. Such descriptions have proven particularly
useful in the context of first-order algorithms for static
optimization [8], [10]. We will introduce an adapted formula-
tion to characterize the input-output relation of time-varying
gradients, which will be leveraged to establish our regret
bounds.

A. Pointwise IQCs

Many IQCs have been derived for gradients of convex and
strongly-convex-smooth functions [8]. For time-varying op-
erators, we can recover their pointwise-in-time formulation.

Lemma 1: Let f; be m-strongly convex and L-smooth.
Take z; € X, 7 as in (1) and define

LId 7Id Ty — JJ;
= 15
Ve [—m[d Iy } {v ft(a:t)} (153)
Then for all ¢, it holds
T . 0 1
by Mipy 20 with My =\ o1 @ La. (15b)

Lemma 1 is a simple consequence of [§8, Prop. 5]. Notably,
(15) satisfies the inequality pointwise, i.e. the filter W is static
and every single summand is nonnegative.

We will also need a similar characterization of Zy.

Lemma 2: Take z; € X and z} as in (1). Define @t =
vec(zy — xf, B¢) for some By € Nx(xt). Then for M; as in
(15b) and all ¢, it holds ¥, My, > 0.

Note that Lemma 2 is simply the statement that the normal
cone of a convex set is a monotone operator.

B. Variational I1QCs

It is well known that introducing a dynamic mapping from
(¢ — 7,V fi(z)) — 1 can lead to a less conservative
input-output characterization of the gradient operator [8],
[10]. Unfortunately, most dynamic IQC results are not appli-
cable to time-varying operators. However, recently the notion
of variational IQCs has been introduced [11].

Proposition 3: Let f; be m-strongly convex and L-
smooth. Define the variational measures Ax} = x} — x},
and Ad;(+) = Vfi(-) — Vfr41(). Consider the mapping

Ty — X
by = T Vﬁgt) (16a)
Aét(xt)
with the linear filter
0 0 0 O 1 0 1, 0
0 0 0 O 0 1 0 -1
0 0 0 0 |—-mly 14 0 0
0 0 0 O aly 0 0 0
U, — —Ll; I; 0 O L, —-I1; O 0
= 0 0 0 O0|-mly I, 0 0 |’
0 0 I; O 0 0 0 0
aly 0 0 O 0 0 0 0
0 0 0 I4 0 0 0 0
i -mly I; 0 O 0 0 0 0 |
(16b)



where a := 4/ M Then the quadratic inequality

T
> ) Myyy > —4(L —m) Vr

t=1

(16¢)

holds with Vr as defined in (4) and the blockdiagonal matrix
My = blkdiag (3My, [™ _, ], 5" _, ]).
Proof: The proof is the result of applying [11, Prop.
4.2] with p = 1 and leveraging the definition of V (4). W
Proposition 3 resembles the classical notion of IQCs,
with the difference that (i), the integral quadratic term is
additionally dependent on the time-variations of the min-
imizer and gradient, and (ii), the right hand side of the
constraint depends on the function value variation. Crucially,
Proposition 3 captures multiple sources of time-variation that
inherently change the input-output behaviour of the operator.
We denote (16) as an instance of a variational IQC (vIQC).

IV. MAIN RESULTS
A. Regret with pointwise 1QCs

It is instructive to start by showing regret bounds using
pointwise IQCs. We assume the following assumption holds.

Assumption 3: The feasible set X is bounded.

Consider (7c) and define for ¢ € I,,j € I, the filtered
vectors

i | Llg  —Ig sllfx* / —xy
| A O

Lemma 1 and 2 imply that each ¢, @/}t satisfy the quadratic
inequalities (v{) T My¢i > 0 and (W)TMﬂ/)J > 0, re-
spectively. By stacking all v} and 1/1t into a vector v, and
defining suitable matrices Dy§, and Dy, we can write down
the more compact relation

— Y wl |Yt — y:
e G|
where the block rows of D and Dy select the respective

components of y; — y; and u; to realize ¥, zZJt Moreover,
recall that yf = C&;, such that

v = [DYC DYD + DY) [5t ;tﬂ .

¢ D]
We state the following theorem.
Theorem 4: Let Assumptions 1, 2 and 3 hold. If there

exists a symmetric matrix P € S™¢ and non-negative vectors
Ap € R A, € R, such that P > 0 and the inequality

ATPA-P ATPB] 1[0 [cfo]
B'"PA  B'PB [¢] 0
+[¢ D] My[C D] =0 (8)
holds with My = M7 ® diag(Ap, A,), then we have

Ry = O(Amax(P)Pr). (19)

Proof: We start by bounding the optimality difference
in the P-normed state space, that is

16041 — &5 llD = N1 — &5 + & — &0 llP
= |61 — &P + 167 — &l
+2(& — &) P& - 1)
< €1 = & 117 + 3BAmax(P)RIIE — &5l (20)

where R is the diameter of the state space, which is finite
by Assumption 3 and the observability of (C7, A). Next, we
can bound the distance ||£;41 — &F[|% by

€41 — & 17 = [|A(& — &) + Bue||
e —¢)"[ATPA ATPB][&-¢
o Ut BTPA BTPB Ut
(18) 2 T
< & =& NP — (we — af) ' V i)
p q
=N @D T Myp! =Y TN (W) T M.
i=1 j=1

The inequality follows by left and right multiplying (18) with
vec(&: — &, ut). We use Lemma 1 and 2, and the fact that

by convexity (z; — x7) "V fi(x:) > f(ai) — f(a7), to get
€1 — & NP < ll& — & 1P — (f(ze) = 7). @D
Combining (20) and (21) yields
flae) = f7) <& = &P = Nl — & llp
Finally, summing from ¢t =1 to t =T we get
T
Z Faf) <6 = &1% — Iere = &raalp
Amax ( RZ l&F = &all- 23)

The left-hand side corresponds to R and, since ¢ = Uxy,
the last sum is O(Pr). [ |

Theorem 4 shows that, given any algorithm satisfying the
structural assumptions, proving a regret upper bound boils
down to a feasibility problem in the form of a Linear Matrix
Inequality (LMI). Therefore, Theorem 4 offers an automated
way to establish regret bounds, without the need for ad-hoc
individual proofs.

Qualitatively, (23) shows that the regret grows sublinearly
in T if the path length Pr does. Meanwhile, the sensitivity
of the regret bound w.r.t. the path length is determined by
the maximum eigenvalue of the variable P, which can be
optimized for by framing (18) as the feasible set of an SDP
whose objective it is to minimize the spectal radius of P.

We investigate this path length sensitivity for different
algorithms with a numerical study'. In particular, we com-
pare O-GD, Multi-step O-GD, O-NM, and O-AGD [14]. We

IThe source code for all numerical experiments can be accessed at:
https://github.com/col-tasas/2025-oco-with-igcs.
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Fig. 1: Regret sensitivity to Pr over function class condition
ratio, according to Theorem 4.

study the value of Ay, (P) for different convexity/Lipschitz
moduli m and L, and visualize the result over the function
class condition ratio # The results are shown in Fig. 1. We
observe that most algorithms attain a finite regret bound,
with only O-NM growing unbounded around % ~ 8.5.
We observe how the factor Ayax(P) is proportional to #,
indicating a fundamental dependence of (19) on the function
class condition ratio. Note that detrimental effects of large
# are well known in static optimization, but has not been
particularly emphasized in the OCO field. Interestingly, we
observe that, in terms of the upper bound (19), accelerated
O-GD performs best among all compared algorithms, and
also that 10-Step O-GD performs better than its counterparts
with fewer steps.

B. Regret with variational IQCs

The use of pointwise IQC for the characterization of slope-
restricted nonlinearities is a known source of conservatism
[8]. We therefore now develop a regret bound that leverages
the variational IQCs.

We introduce the fixed-point variation Af = & — &£F, .
Using this, we can write the evolution of (7) in error
coordinates & := & — & as

6,1 = A& + Buy + A&
41 ff t & 24)
= Cgt + Dut.

We now apply Proposition 3 to each subcomponent of
(st,0¢). We moreover apply Proposition 3 to (z;,¢g:) by
letting f; < Zx, V f; < Ny and m — 0 and L — oo. Since
Ty is not time-varying, the gradient and function variation
is not needed, and the vIQC simplifies drastically. That is,
we can define

Si . l’: Zj —
L= & W | gl 25
wt = *f A{l?? ) ¢t — ¥ g (25)
Adi(s}) A

with W, and Ad, as defined in Proposition 3 and W7 adapted
accordmgly, and it holds 37, (i) T My} > —4(L—m)Vr
and S ()T Myl > 0 for all i € T, j € I,. We refer
to the extended version of this work [21, Appendlx A] for
the discussion on Wy.

Analogously to the last section, we stack all ! and 1@7
into a vector i, to get the a compact vIQC

. i
by — | A | BY By By® BY || w
" | Co | DY Dy D3t D | |Ag
Af,
where we defined Ad; := vec(Ady(s}), ..., Adi(s})). The

respective matrices result from a straightforward rearrange-
ment and stacking of the filter matrices. In particular, we
leveraged that (1,4, ®14)Ax; = CALS. Together with (24),
we can build the augmented plant

e A 0|B I 0

A4|B, Bac BM} 2 | BYC Ay By B* B |,

ClDu Dag Dag DYC Cy| DY DLE DAY
(26)

defining the mapping (u¢, A&, Ady) — Uy

Theorem 5: Let Assumptions 1 and 2 hold. Consider the
augmented plant (26). If there exists a symmetric matrix
P € S™t¢ non-negative vectors A\, € RY X\, € RL,
and scalars yag,yas > 0, such that P >~ 0 and the LMI

0 0 0
l?u I?Ag ?Aé
D, Da¢ Das
0 I 0

0 0 I

.

+1[[ X [0608]] <0 (7

2 1[G 5]

holds with M = blkdiag(M,®diag(\,), M1 ®@diag(Ag)),
then we have

Ry = O(71Sr + 7201 + 73VT)

with 1 = Yae, 72 = pyas, 3 = (L—m) > 0 | AL
Proof: Define 7, as the state of (26). Left and right mul-

tiply (27) by vec(n, ug, AEF, Ady), to obtain the inequality

(28)

p
—[ellB + el = vaelAE 1P =vas D 186 (s})]?

=1
p q
+ DAL ) T Moy + > N ()T My
i=1 j=1

+ (ze — 7)) Vi) <0

Note that Zt L IAG(s1)]|? < pGr. Leveraging again
convexity and Proposition 3, and summing from ¢t =1 to T’
gives, after telescoping and rearranging terms, that

T
R < I3 = Inrsal3 +7 32 IAE N2 + 267 + 7V

= (29)

By & = Uz}, the sum is O(Sr), which gives the result. W
In contrast to (19), the bound in (28) depends on the
squared path length, gradient variation, and function vari-
ation, with sensitivities ~yi, 72, and <3 that are decision
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Fig. 2: Regret sensitivity to Sy (1), Gr (y2) and Vr (v3)
over function class condition ratio, according to Theorem 5.

variables in the LMI (27). These degrees of freedom can
be optimized to tighten the upper bound (29), for example
by minimizing a weighted sum ki1y; + kove + ksys for
some ki, ko, k3 > 0. However, the trade-off between those
values depends on problem-specific considerations, i.e. on
the foresight on Sy, Gp, and Vr. Le., setting k; = Sr,
ko = Gr, ks = Vp may be beneficial.

Fig. 2 presents a numerical study investigating the algo-
rithm and function class dependence of these sensitivites,
using the same list of algorithms as in Fig. 1. We observe
analogously to Fig. 1 a deteriorating effect of large condition
ratios % Note especially that the relative performance of
algorithms differs w.zt. which variation metric is considered.
As an example, 2-step O-GD tends to be favourable when
Gr is expected to dominate (because it achieves consistently
the lowest value of ~2), but may perform worse when St is
the primary source of variation. Thus, this worst-case bound
may provide guidance on the algorithm choice when prior
information is available. Moreover, Theorem 5 extends the
regret bound for O-NM to higher condition ratios, indicating
a finite regret bound over the whole function class. We
observe that the bounds from both theorems offer distinct
information, highlighting the complementary nature of both.

V. CONCLUSION

In this paper, we have presented a novel framework for an
automated regret analysis of first-order algorithms in OCO.
By recasting the algorithm as a feedback interconnection of

a linear system and a time-varying oracle we are able to
provide an alternative proof strategy and a computational tool
to quantify the regret of generalized first-order optimization
algorithms. This new analysis framework represents a new
viewpoint on OCO and can contribute to obtain a more
systematic way to show regret. Future work may include
the use of further robust control tools, such as algorithm
synthesis or robustness analyses for gradient errors.
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