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Abstract: Extending data-driven algorithms based on Willems’ fundamental lemma to stochas-
tic data often requires empirical and customized workarounds. This work presents a unified
Bayesian framework for linear systems that provides a systematic and general method for han-
dling stochastic data-driven tasks, including smoothing, prediction, and control, via maximum
a posteriori estimation. This framework formulates a unified trajectory estimation problem
and solves a Bayesian problem that optimally combines trajectory knowledge with trajectory
characterization from offline data. This problem generalizes existing data-driven prediction and
control algorithms. Numerical examples demonstrate the performance of the unified approach
for all three tasks against other data-driven and system identification approaches.
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1. INTRODUCTION

Data-driven analysis and control of linear systems, utiliz-
ing Willems’ fundamental lemma (Willems et al., 2005),
have been a topic of considerable interest in recent years.
When deterministic data are available, behavioral systems
theory provides a powerful framework that allows for
treating various data-driven problems in a unified manner,
such as simulation and output matching (Markovsky and
Dörfler, 2022). Since unique input-output behaviors can be
identified with sufficiently informative data, equivalence
can be shown for various data-driven formulations in the
deterministic case (Coulson et al., 2019; Fiedler and Lucia,
2021).

Approaches start to diverge when stochastic uncertainties
arise. One path is to recover the low-dimensional structure
in the deterministic case via projection (Breschi et al.,
2023) or low-rank matrix approximation (Markovsky and
Dörfler, 2022). This is a practical choice, dating back
to subspace identification (Van Overschee and De Moor,
2012), but it requires knowledge of the model dimension
and fails to encode specific stochastic properties for finite-
sample optimality. Others apply specific techniques to par-
ticular data-driven tasks, such as distributionally robust
optimization (Coulson et al., 2022), empirical regularizers
(Dörfler et al., 2023; Coulson et al., 2019), polynomial
chaos expansions (Pan et al., 2023), Kalman filtering
(Smith et al., 2024; Yin et al., 2024), kernel methods
with truncated ARX models (Chiuso et al., 2025), and
maximum likelihood estimation (Yin et al., 2023). Yet,
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these techniques lack a coherent framework for general
data-driven tasks with stochastic data.

This work introduces a unified Bayesian framework for
linear systems that addresses stochastic data-driven prob-
lems through maximum a posteriori (MAP) estimation.
This framework can be seen as an extension of the be-
havioral systems theory to stochastic data. A wide class
of stochastic uncertainties is considered, which allows for
input errors, correlated noise, and elliptical distributions.
Specifically, when a stochastic signal matrix is available,
the following three data-driven tasks are considered.

(T1) Smoothing: denoising measured input-output tra-
jectories.

(T2) Prediction: estimating future outputs given the im-
mediate past input-output trajectory and future inputs.

(T3) Optimal control: designing future inputs and out-
puts given the immediate past input-output trajectory
and input-output references.

All these tasks can be posed as a trajectory estimation
problem by specifying different types of observations and
design requirements. An MAP estimator is then proposed
that optimally combines the trajectory knowledge with
a linear combination of offline data, following the char-
acterization from Willems’ fundamental lemma. The lin-
ear combination vector is treated as a hyperparameter
and estimated using the maximum marginal likelihood
method. An iterative solution to the hyperparameter es-
timation problem is derived using sequential quadratic
programming (SQP). This demonstrates connections to
existing algorithms in data-driven prediction and control
under special conditions. Numerical examples show that



the proposed framework achieves competitive performance
against existing data-driven algorithms and classical ap-
proaches based on the system identification paradigm for
all three tasks.

Notation. The row-wise and diagonal-wise concatenation
and vectorization of matrices are denoted by col (·, . . . , ·),
blkdiag (·, . . . , ·), and vec (·), respectively. The symbols
N[m,n], Sn+, and Sn++ represent the set of natural numbers
between m and n, positive semidefinite, and positive
definite matrices of dimension n× n, respectively.

2. BACKGROUND AND PROBLEM FORMULATION

Consider a discrete-time linear time-invariant (LTI) sys-
tem y0t = Gu0

t with nx underlying states, where u0
t ∈ Rnu

and y0t ∈ Rny are the true inputs and outputs, respectively.
Suppose the inputs and outputs are subject to uncertain-
ties with ut = u0

t + wt and yt = y0t + vt, where wt and
vt denote the actuation and measurement uncertainties,
respectively. All the perturbed signals at time t are de-
noted by zt := col (ut, yt) = z0t + νt ∈ Rn, n := nu + ny,
where z0t := col

(
u0
t , y

0
t

)
is the unknown true signals and

νt := col (wt, vt) denotes the uncertainties.

This paper considers the problem of obtaining the optimal
estimate of a length-L signal trajectory from possibly par-
tial information of the corrupted trajectory and historical
data of signal trajectories. In particular, assume that we
have obtained M full signal trajectories of length L: zdi :=
col

(
zdti+1, z

d
ti+2 . . . , z

d
ti+L

)
∈ RnL, for i = 1, 2, . . . ,M ,

where the superscript d denoted historical data. Con-
catenating these trajectories column-wise formulates the
signal matrix: H :=

[
zd1 zd2 · · · zdM

]
∈ RnL×M , which is

referred to as the offline data in what follows. For analysis
purposes, we also define the true signal matrix H0 and the
uncertainty matrix ∆H : H = H0 +∆H .

The objective is to estimate another signal trajectory
z0 := col

(
z01 , z

0
2 . . . , z

0
L

)
∈ RnL from offline data (instead

of the model G) and existing knowledge of the trajectory.
This trajectory is referred to as the online trajectory. The
knowledge is expressed by

ζ = Φz0 + ϵ, (1)

where ζ ∈ Rp encodes direct observations and possibly
design requirements of the trajectory z0, ϵ ∈ Rp represents
the uncertainty of the knowledge, and Φ ∈ Rp×nL is a
known transformation matrix.

By specifying different types of existing knowledge, (1)
encompasses a broad range of data-driven tasks in systems
and control as follows.

(T1) Smoothing. The complete trajectory is available, but
it is corrupted. In this case, we have p = nL,

Φ = InL, ζ = col (z1, z2, . . . , zL) , ϵ = col (ν1, ν2, . . . , νL) .

(T2) Prediction. The complete input sequence and the
initial output sequence of length L0 ≥ l are available,
where l is the lag of G. Let L′ := L − L0. In this case,
we have p = nL0 + nuL

′,

Φ = blkdiag
(
InL0

, IL′ ⊗
[
Inu 0nu×ny

])
,

ζ = col (z1, . . . , zL0
, uL0+1, . . . , uL) ,

ϵ = col (ν1, . . . , νL0 , wL0+1, . . . , wL).

When L0 ≥ l, from (14) of Iannelli et al. (2021), there
exists K such that H0 = KΦH0. This guarantees that
rank

(
H0

)
= rank

(
ΦH0

)
in Assumption 4 below.

(T3) Optimal control. An initial input-output sequence
of length L0 ≥ l is available. We would like to design an
input-output sequence (z0t )

L
t=L0+1 such that the quadratic

control cost
∑L

t=L0+1

(∥∥u0
t − uref

t

∥∥2
R
+

∥∥y0t − yreft

∥∥2
Q

)
is

minimized, where uref
t ∈ Rnu , yreft ∈ Rny are the input

and output references and R ∈ Snu
++, Q ∈ Sny

++ are the
input and output cost matrices, respectively. Let ζctrt :=
col

(
uref
t , yreft

)
∈ Rn. In this case, we have p = nL

Φ = InL, ζ = col
(
z1, . . . , zL0

, ζctrL0+1, . . . , ζ
ctr
L

)
,

ϵ = col
(
ν1, . . . , νL0

, ϵctr
)
,

where ϵctr denotes the errors from the references.

Then, we are ready to state the main problem of this work.

Problem 1. Given the offline data H and the online tra-
jectory observation ζ, obtain an optimal estimate ẑ of z0.

The offline data H will be incorporated into estimation as
the model surrogate through an MAP framework, which
will be detailed in Section 3.

For tractability, elliptical distributions and stationary el-
liptical processes are considered in this work. An m-
dimensional elliptical distribution, denoted by Ef (µ,Σ),
has a probability density function in the form of p(x;µ,Σ) =

det (Σ)
− 1

2 f
(
∥x− µ∥2Σ−1

)
, where f(·) ∈ [0,+∞) →

[0,+∞) with limx→+∞ f(x) = 0 and µ ∈ Rm and Σ ∈
Sm++ are known as the location-scale parameters. Elliptical
distributions are preserved under linear transformation,
i.e., x ∼ Ef (µ,Σ) implies Ax + b ∼ Ef

(
Aµ+ b, AΣA⊤)

(Hult and Lindskog, 2002). Such distributions include
the multivariate normal distribution (f(x) ∝ exp

(
− 1

2x
)
)

and the multivariate Student’s t-distribution (f(x) ∝
(1 + x/ξ)

−(ξ+m)/2
with parameter ξ). Stationary elliptical

processes are defined as stationary processes with elliptical
distributions (B̊ankestad et al., 2023).

Here, we slightly generalize the definition of elliptical dis-
tributions by allowing positive semidefinite Σ to account
for the case where the uncertainty is zero in some direc-
tions. When rank (Σ) = r < m, consider the decomposi-
tion (U1, U2,Σ1) of Σ, where

Σ =: [U1 U2]

[
Σ1 0
0 0

] [
U⊤
1

U⊤
2

]
,

[
U⊤
1

U⊤
2

]
[U1 U2] = Im, (2)

U1 ∈ Rm×r, U2 ∈ Rm×(m−r), and Σ1 ∈ Sr++, Then, the
probability density function for singular Σ is given by

p(x;µ,Σ) =

{
det (Σ1)

− 1
2 f

(∥∥U⊤
1 δ

∥∥2
Σ−1

1

)
, U⊤

2 δ = 0m−r,

0, U⊤
2 δ ̸= 0m−r,

where δ := x− µ.

This work considers the following assumption.

Assumption 2. The random variable ϵ is subject to zero-
mean elliptical distributions: Ef (0p,Σϵ), where Σϵ ∈ Sp+.
The random variables νt and νdt are realizations of zero-
mean stationary elliptical processes. Define[

νt
νt+τ

]
∼ Ef

(
02n,

[
Σν(0) Σν(τ)
Σν(τ) Σν(0)

])
, (3)



for τ ∈ N, where Σν(τ) =: blkdiag (Σw(τ),Σv(τ)) ∈ Sn+,
Σw(τ) ∈ Snu

+ , and Σv(τ) ∈ Sny

+ . Similarly, Σd
ν(τ) :=

blkdiag
(
Σd

w(τ),Σ
d
v(τ)

)
∈ Sn+ is defined for νdt .

We allow for different levels of uncertainty in the offline
data and the online trajectory, as the system may operate
under different conditions. Depending on the data-driven
tasks, we have Σϵ = Σz for (T1) and Σϵ = ΦΣzΦ

⊤ for
(T2), where the (i, j)-th n × n-block element of Σz is
Σν(|i − j|). For (T3), it is natural to encode the control
objective as a design requirement that z0t is subject to
an elliptical distribution: z0t ∼ Ef (ζ

ctr
t ,Σctr) for t =

L0 + 1, . . . , L, where Σctr := blkdiag
(
R−1, Q−1

)
∈ Sn++.

Note that R and Q can be uniformly scaled to trade off
against data uncertainties. In this case, we have Σϵ =
blkdiag

(
ΓΣzΓ

⊤, IL′ ⊗ Σctr
)
, where Γ = [InL0

0nL′ ].

2.1 Willems’ Fundamental Lemma and Deterministic Case

We would like to estimate z0 by combining both direct
knowledge of the trajectory through the observation ζ and
the behavior of the LTI system through the signal matrix
H. To characterize z0 with the signal matrix H, we utilize
Willems’ fundamental lemma as the foundation.

Theorem 3. (Markovsky and Dörfler, 2023, Corollary 19)
Suppose rank

(
H0

)
= nuL + nx. The input-output se-

quence z0 is a trajectory of G iff there exists g ∈ RM ,
such that z0 = H0g.

Theorem 3 extends the original Willems’ lemma (Willems
et al., 2005) by allowing for non-Hankel H and providing
a necessary and sufficient rank condition. This theorem
solves Problem 1 in the deterministic case, i.e., when
ϵ = 0p and H = H0, which is given in the following
corollary.

Assumption 4. rank
(
H0

)
= rank

(
ΦH0

)
= nuL+ nx.

Corollary 5. Suppose ϵ = 0p, H = H0, and Assumption 4
is satisfied. The online trajectory is determined uniquely
by z0 = Hg, where g ∈ RM satisfies ζ = ΦHg.

This corollary generalizes Proposition 9 in Markovsky and
Dörfler (2022). The proof remains valid with a linear
transformation of H instead of selected rows of H.

Assumption 4 provides the identifiability condition for
Problem 1. When uncertainties arise and H0 is not avail-
able, the rank condition of H0 can be verified by the
sufficient condition in Theorem 2 of Van Waarde et al.
(2020), i.e., G is controllable and the inputs are collectively
persistently exciting of order (L+nx). The rank condition
of ΦH0 is satisfied for the problems considered in this
work, as shown in the following subsection.

3. THE MAXIMUM A POSTERIORI FRAMEWORK

To solve Problem 1, this work considers an MAP frame-
work, where ζ is treated as the observation and the
Willems’ fundamental lemma characterization is used as
prior information.

In detail, z0 is estimated by solving

ẑ = argmax
z0

p
(
z0|ζ

)
= argmax

z0
p
(
ζ|z0

)
p
(
z0
)
. (4)

The conditional distribution of ζ given z0 is given by
ζ|z0 ∼ Ef

(
Φz0,Σϵ

)
. The prior distribution of z0 can

be obtained from Theorem 3 using the equation z0 =
Hg − ∆Hg, where g is treated as a hyperparameter.
To quantify the uncertainty of ∆Hg given g, we follow
a similar derivation as in Yin et al. (2023) by vectoriz-
ing ∆H : ∆Hg =

(
g⊤ ⊗ InL

)
vec (∆H). Let vec (∆H) ∼

Ef (0nLM ,Σd), where Σd ∈ SnLM
+ . For i, j ∈ N[1,ML],

define i =: (i1 − 1)L + i2, j =: (j1 − 1)L + j2, where
i1, j1 ∈ N[1,M ] and i2, j2 ∈ N[1,L]. Then, Σd is given by

(Σd)i,j = Σd
ν(|ti1 + i2 − (tj1 + j2)|), (5)

where (Σd)i,j is the (i, j)-th n× n-block element of Σd.

This leads to ∆Hg|g ∼ Ef (0nL,Σg(g)), where

Σg(g) :=
(
g⊤ ⊗ InL

)
Σd (g ⊗ InL) ∈ SnL+ , (6)

and thus the prior distribution: z0|g ∼ Ef (Hg,Σg(g)).

The following lemma presents an efficient approach to
calculate Σg(g). In particular, we discuss two common
constructions of H, namely the Page construction (Damen
et al., 1982) with ti+1 = ti+L and the Hankel construction
(Van Overschee and De Moor, 2012) with ti+1 = ti +
1. Page construction has less noise correlation than the
Hankel construction at the cost of fewer data columns in
the signal matrix.

Lemma 6. Let (Σg(g))i,j be the (i, j)-th n × n-block ele-

ment of Σg(g). The prior scale parameter Σg(g) is given
by

(Σg(g))i,j =

M∑
k=1

M∑
m=1

gkgmΣd
ν(|tk + i− (tm + j)|). (7)

For Page and Hankel constructions of H, (7) is equivalent
to

(Σg(g))i,j =

M−1∑
τ=1−M

Σd
ν(|τ l + i− j|)K(τ) (8)

with l = L for the Page construction and l = 1 for the

Hankel construction, where K(τ) :=
∑M−|τ |

k=1 gkgk+|τ |, τ ∈
N[1−M,M−1] is the unnormalized empirical autocorrelation
function of g.

Proof. Let g⊤ ⊗ InL =: [γ1 · · · γLM ], where γi ∈ RnL×n.

From (6), we have Σg(g) =
∑LM

i=1

∑LM
j=1 γi (Σd)i,j γ

⊤
j .

According to the structure of
(
g⊤ ⊗ I

)
, we have γi = ei2 ⊗

gi1 , γj = ej2 ⊗ gj1 , where ei ∈ RL is the unit vector with
i-th non-zero entry. This leads to

Σg(g) =

LM∑
i=1

LM∑
j=1

gi1gj1 (ei2 ⊗ In) (Σd)i,j
(
e⊤j2 ⊗ In

)
.

From (5), we have

(Σg(g))i2,j2 =

M∑
i1=1

M∑
j1=1

gi1gj1Σ
d
ν(|ti1 + i2 − (tj1 + j2)|),

which is equivalent to (7). Consider variable transforma-
tions τ := i1 − j1 and k = min (i1, j1). We note gi1gj1 =
gkgk+|τ |, ti1 + i2 − (tj1 + j2) = τL + i − j for the Page
construction, and ti1 + i2 − (tj1 + j2) = τ + i − j for the
Hankel construction. These directly lead to (8). 2



Then, we are ready to state the MAP estimator. When
both Σϵ and Σg(g) are positive definite, (4) becomes

ẑ(g) = argmax
z0

f
(
∥δϵ∥2Σ−1

ϵ

)
f
(
∥δg∥2Σ−1

g (g)

)
, (9)

where δϵ = ζ − Φz0 and δg := z0 −Hg. Recall that f(·)
defines the probability density function of Ef . The scaling

factors det (Σ)
− 1

2
ϵ and det (Σ)

− 1
2

g are omitted since they do

not depend on z0.

When Σϵ and/or Σg(g) are singular, define (Uϵ,1, Uϵ,2,Σϵ,1)
and (Ug,1, Ug,2,Σg,1(g)) by applying the decomposition (2)
on Σϵ and Σg(g), respectively. Then, the MAP estimator
is given by the following constrained problem:

ẑ(g) = argmax
z0

f

(∥∥U⊤
ϵ,1δϵ

∥∥2
Σ−1

ϵ,1

)
f

(∥∥U⊤
g,1δg

∥∥2
Σ−1

g,1(g)

)
s.t. U⊤

ϵ,2δϵ = 0, U⊤
g,2δg = 0.

(10)

When the uncertainties are Gaussian, i.e., f(x) ∝ exp
(
− 1

2x
)
,

(9) is equivalent to a quadratic program:

ẑ(g) = argmin
z0

∥δϵ∥2Σ−1
ϵ

+ ∥δg∥2Σ−1
g (g) (11)

with the closed-form solution:

ẑ(g) =
(
Φ⊤Σ−1

ϵ Φ+ Σ−1
g (g)

)−1 (
Φ⊤Σ−1

ϵ ζ +Σ−1
g (g)Hg

)
.

(12)
Similarly, (10) also admits a closed-form solution under
Gaussian uncertainties (Yin et al., 2023).

3.1 Hyperparameter Estimation

To apply the MAP estimator (9) or (10), the hyper-
parameter g ∈ RM needs to be estimated as well. In
this regard, we adopt the maximum marginal likelihood
method. Consider the equation ζ = ΦHg − Φ∆Hg + ϵ.
The hyperparameter g is estimated by maximizing the
marginal likelihood: ĝ = argmaxg p (ζ|g), where ζ|g ∼
Ef

(
ΦHg,ΦΣg(g)Φ

⊤ +Σϵ

)
.

Let Ψ(g) := ΦΣg(g)Φ
⊤ + Σϵ and δζ(g) = ζ − ΦHg.

If there exists g such that Ψ(g) is positive definite, the
hyperparameter estimation problem is given by

ĝ = argmax
g

det (Ψ(g))
− 1

2 f
(
∥δζ(g)∥2Ψ−1(g)

)
. (13)

When Ψ(g) is singular for all g, similar to (10), let
(UΨ,1, UΨ,2,Ψ1(g)) be the decomposition of Ψ(g) accord-
ing to (2). We have

ĝ = argmax
g

det (Ψ1(g))
− 1

2 f
(∥∥U⊤

Ψ,1δζ(g)
∥∥2
Ψ−1

1 (g)

)
s.t. U⊤

Ψ,2δζ(g) = 0.
(14)

The estimated hyperparameter ĝ is used in (9) or (10) to
obtain the MAP estimate. This assumes certainty equiva-
lence without considering the hyperparameter estimation
error, which is common for Bayesian methods with hyper-
parameters. The algorithm is summarized in Algorithm 1.

3.2 An Iterative Solution

Problems (13) and (14) are non-convex even for Gaussian
uncertainties. This subsection derives an SQP algorithm
to solve (13) and (14) under the following assumption.

Algorithm 1 MAP estimator for data-driven smoothing,
prediction, and control

1: Given: H, ζ, Σd
ν(τ), Σϵ, Φ, f(·)

2: Solve (13) or (14) for ĝ, where Σg(g) is given by (7)
or (8).

3: Solve (9) or (10) for ẑ(ĝ).
4: Output: ẑ(ĝ)

Assumption 7. 1) The uncertainties are Gaussian, 2) the
Page construction is used, and 3) Σd

ν(τ) = 0n×n for all
τ > 0.

Assumption 7.1 specifies a particular f(·), whereas As-
sumptions 7.2 and 7.3 lead to a block diagonal Σg(g). This
iterative algorithm can serve as a computationally efficient
approximate solution to the problem in practice, even
when Assumption 7 is not satisfied. It also demonstrates
the relations between the MAP framework and existing
algorithms for data-driven prediction and control.

Under Assumption 7, (13) is equivalent to

ĝ = argming J(g), J(g) := log det (Ψ(g))+∥δζ(g)∥2Ψ−1(g) ,

where Ψ(g) = ∥g∥22 Φ
(
IL ⊗ Σd

ν(0)
)
Φ⊤ + Σϵ from (8). Let

Λ := Φ
(
IL ⊗ Σd

ν(0)
)
Φ⊤ and ĝk be the k-th iterate of the

iterative algorithm. We approximate J(g) locally at ĝk

with a quadratic function as

J(g) ≈ J(ĝk) + tr
(
ΛΨ−1(ĝk)

) (
∥g∥22 − ∥ĝk∥22

)
−

∥∥Ψ−1(ĝk)δζ(ĝk)
∥∥2
Λ

(
∥g∥22 − ∥ĝk∥22

)
+

(
∥δζ(g)∥2Ψ−1(ĝk)

− ∥δζ(ĝk)∥2Ψ−1(ĝk)

)
.

This leads to the SQP algorithm:

ĝk+1 = argmin
g

c(ĝk) ∥g∥22 + ∥δζ(g)∥2Ψ−1(ĝk)
, (15)

where c(ĝk) := tr
(
ΛΨ−1(ĝk)

)
−
∥∥Ψ−1(ĝk)δζ(ĝk)

∥∥2
Λ
.

The SQP algorithm for (14) can be obtained similarly:

ĝk+1 = argmin
g

c̄(ĝk) ∥g∥22 +
∥∥U⊤

Ψ,1δζ(g)
∥∥2
Ψ−1

1 (ĝk)

s.t. U⊤
Ψ,2δζ(g) = 0,

(16)

where c̄(ĝk) := tr
(
Λ̄Ψ−1

1 (ĝk)
)
−

∥∥Ψ−1
1 (ĝk)U

⊤
Ψ,1δζ(ĝk)

∥∥2
Λ̄

and Λ̄ = U⊤
Ψ,1ΛUΨ,1.

Problem (15) can be non-convex when the Hessian
c(ĝk)IM +H⊤Φ⊤Ψ−1(ĝk)ΦH is not positive semidefinite,
as commonly observed in SQP. Standard techniques in
sequential convex programming can be applied to address
this issue, such as projecting the Hessian onto the space
of positive semidefinite matrices and utilizing the trust re-
gion or cubic regularization method (Nesterov and Polyak,
2006).

If closed-form solutions are desired, one can further ap-
proximate (15) or (16) by only running one iteration from
the pseudoinverse solution to ζ = ΦHg: ĝ0 = ĝpinv =

H⊤Φ⊤ (
ΦHH⊤Φ⊤)−1

ζ. In this case, δζ(ĝ0) = 0p and

c(ĝk), c̄(ĝk) are positive. 1 So, (15) and (16) are guar-

1 Note that for A,B ∈ Sn++, there exists D such that B = DD⊤, and

tr (AB) = tr
(
ADD⊤

)
= tr

(
D⊤AD

)
=
∑n

i=1
d⊤i Adi > 0, where di

is the i-th column of D.



anteed to be convex. Similar to (12), convex quadratic
programs with only equality conditions admit closed-form
solutions, which we omit here for space constraints. A
similar strategy is shown to perform well numerically for
the prediction problem (Yin et al., 2021).

3.3 Relations to Existing Algorithms

The SQP algorithm is connected to existing algorithms
in data-driven prediction and control under the following
additional assumption.

Assumption 8. 1) Σw(0) = Σd
w(0) = 0nu×nu

, 2) Σν(τ) =
0n×n for all τ > 0, 3) Σv(0) = σ2Iny

, Σd
v(0) = σ2

dIny
, and

for the control task, 4) Q = qIny
and R = rIny

.

Assumption 8.1 assumes no actuation uncertainties as in
most existing algorithms, whereas Assumptions 8.2 to 8.4
leads to a diagonal Ψ(g) and thus scalar weights in the
objective function.

For the prediction task (T2), define yp := U⊤
Ψ,1ζ, Hyp :=

U⊤
Ψ,1ΦH, u := U⊤

Ψ,2ζ, andHu := U⊤
Ψ,2ΦH. The first iterate

of (16) is equivalent to

ĝ1 = argmin
g

λ ∥g∥22 + ∥yp −Hypg∥22
s.t. u = Hug,

(17)

where λ := nyL0σ
2
d, when δζ(ĝ0) = 0p. This problem

coincides with the data-driven predictor presented in Lian
et al. (2023), which is based on minimizing the Wasserstein
distance between yp and Hypg. Note that by choosing dif-
ferent λ, (17) covers a wide range of data-driven predictors;
see Yin et al. (2022) for an overview.

For the optimal control task (T3), define col
(
yp,y

ref ,uref
)
:=

U⊤
Ψ,1ζ, col (Hyp, Hyf , Huf ) := U⊤

Ψ,1ΦH, up := U⊤
Ψ,2ζ, and

Hup := U⊤
Ψ,2ΦH. The first iterate of (16) is equivalent to

ĝ1 = argmin
g

r
∥∥uref −Hufg

∥∥2
2
+ λ1

∥∥yref −Hyfg
∥∥2
2

+ λ2 ∥yp −Hypg∥22 + λ3 ∥g∥22
s.t. up = Hupg,

(18)
where

λ1 :=
(
σ2
d ∥ĝ0∥22 + 1/q

)−1

, λ2 :=
(
σ2
d ∥ĝ0∥22 + σ2

)−1

,

λ3 := nyσ
2
d (L

′λ1 + L0λ2) ,

when δζ(ĝ0) = 0p. This problem has the same form as reg-
ularized data-enabled predictive control (DeePC) schemes;
see Coulson et al. (2019); Berberich et al. (2021) and oth-
ers. Selecting the regularization parameters in regularized
DeePC is a non-trivial problem and significantly affects
the performance (Dörfler et al., 2023). In this regard, (18)
provides a meaningful method for choosing the regulariza-
tion parameters without trial and error.

Remark 9. If we further assume no data uncertainties, i.e.,
σ2 = σ2

d = 0, it is easy to see that (18) becomes the

unregularized DeePC problem: ming r
∥∥uref −Hufg

∥∥2
2
+

q
∥∥yref −Hyfg

∥∥2
2
, s.t. up = Hupg, yp = Hypg.

Despite the relations shown above, the proposed unified
framework differs from existing algorithms in the following
ways. 1) Existing algorithms typically solely adopt the
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Fig. 1. Performance comparison for data-driven smooth-
ing, prediction, and control (lower is better). Bayes:
Algorithm 1, Approx : approximate solution with one
iteration (Section 3.2), N4SID : system identification
with N4SID, Proj : two-step approach with projected
signal matrices.

prior estimate Hĝ as the trajectory estimate, whereas an
additional MAP step is performed in this work. 2) This
work provides more general results compared to existing
algorithms. Note that multiple conditions (Assumptions 7
and 8) are required to demonstrate resemblance to existing
algorithms. 3) This work unifies data-driven prediction
and direct data-driven predictive control under the same
MAP formulation.

4. NUMERICAL EXAMPLES

This section presents three numerical examples covering
data-driven smoothing, prediction, and control. 2 For each
task, we compare the following methods: 1) Bayes: the
proposed Bayesian framework (Algorithm 1) implemented
with a nonlinear solver, 2) Approx : the approximate con-
vex solution by implementing one SQP iteration as de-
scribed in Section 3.2, 3) N4SID : the system identification
paradigm where the model is identified with subspace
identification by Matlab command n4sid, and 4) Proj :
the framework presented in Breschi et al. (2023) where
Hyf is first projected and then deterministic behavioral
systems theory is applied (Markovsky and Dörfler, 2022).
For N4SID, we assume that the true model order is known
and apply a Kalman filter on the identified state-space
model to obtain state estimates. For Proj, we apply indi-
rect data-driven control with the derived predictor.

For all tasks, 100 Monte Carlo simulations are conducted
with the following parameters: nx = 10, nu = ny = 1,
L = 40, L0 = 10, and M = 61. Signal matrices are
built using the Hankel construction with 100 data points.
Random systems are generated by Matlab command
drss unless otherwise stated. The systems are normalized
to have an H2-norm of 1. Non-convex optimization prob-
lems are solved by Matlab command fmincon; convex
optimization problems are solved by Mosek.

(T1) Smoothing. We assume that there are no actuation
uncertainties. The measurement uncertainties are i.i.d.
2 The codes are available at https://doi.org/10.25835/5f7y68pm.



and subject to Student’s t-distributions with ξ = 10,
Σd

v(0) = 10−4, and Σv(0) = 10−2. Figure 1(left) shows
the boxplot of root mean squared errors for the smoothed
outputs. Results show that Approx and Proj outperform
Bayes and N4SID. The relatively poor performance of
Bayes may result from the local minimum issue with non-
convex optimization.

(T2) Prediction. Both actuation and measurement uncer-
tainties are i.i.d. Gaussian with Σd

w(0) = Σd
v(0) = 10−4

and Σw(0) = Σv(0) = 10−2. Figure 1(middle) shows the
boxplot of root mean squared errors for the predicted
outputs. The Bayesian framework performs better than
Proj and similar to N4SID. The approximate solution
yields nearly identical results to the non-convex solution.

(T3) Optimal control. We consider a discretized 1-D
diffusion model specified as x1

t+1 = (1 − β)x1
t + α(x2

t −
x1
t ) + ut, xi

t+1 = (1 − β)xi
t + α(xi+1

t + xi−1
t − 2xi

t) for
i ∈ N[2,9], x10

t+1 = (1 − β)x10
t + α(x9

t − x10
t ), and yt =

x1
t , where xi

t denotes the i-th component of xt and we
select α = 0.4, β = 0.3. We assume that there are no
actuation uncertainties. The measurement uncertainties
are Gaussian with Σd

v(τ) = Σv(τ) = 10−2 × 0.95τ . The
control objective is set as Q = 5, R = 0.5, yref =
col (110,−110,110), and uref = yref/d, where d denotes the
DC gain of the system. Figure 1(right) shows the boxplot
of the normalized root control cost for the true trajectory:

Jctr =

√
1
L′

∑L
t=L0+1

(
R
Q

∥∥u0
t − uref

t

∥∥2
2
+
∥∥y0t − yreft

∥∥2
2

)
.

Here, Bayes achieves marginally better results than the
other methods.

Overall, the numerical examples illustrate that the pro-
posed Bayesian framework achieves performance compa-
rable to or slightly better than that of existing algorithms
across all three tasks. It is worth noting that this is
achieved through a unified direct data-driven formulation,
whereas Proj relies on an indirect control formulation.

5. CONCLUSION

This work proposes solving the same Bayesian estima-
tion problem for data-driven smoothing, prediction, and
control with stochastic data. This approach first solves a
hyperparameter estimation problem, followed by a maxi-
mum a posteriori step that combines the knowledge from
offline data and the online trajectory. It unifies these
three data-driven tasks and generalizes them to accommo-
date input errors, correlated uncertainties, and elliptical
distributions. Further work may investigate uncertainty
quantification, computational aspects, and applications to
moving horizon estimation and receding horizon control.
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