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Abstract: Policy gradient algorithms are widely used in reinforcement learning and belong to
the class of approximate dynamic programming methods. This paper studies two key policy
gradient algorithms, the Natural Policy Gradient and the Gauss–Newton Method, for solving
the linear quadratic regulator problem for unknown systems using stochastic data. The main
challenge is the inconsistency of estimating random quantities in the policy gradient update
due to the resulting errors-in-variables setting. This issue is addressed by proposing a robust
primal–dual estimation procedure. Using this improved policy gradient update estimation
scheme, this paper delivers a consistent estimator with a convergence rate of order O(ϵ−1).
Theoretical results are further supported by numerical experiments.
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1. INTRODUCTION

Policy gradient methods (PGMs) are fundamental tools
in reinforcement learning, as they aim to optimize a
parameterized policy with respect to the performance
objective. Understanding their convergence properties is
important, as it significantly impacts the reliability of
deploying PGMs for real-world applications.

The linear quadratic regulator (LQR) problem serves as a
canonical benchmark for studying the convergence behav-
ior of PGMs in continuous state and action spaces [Hambly
et al. (2021); Ju et al. (2025)]. In the seminal work by Fazel
et al. (2018), three representative PGMs were analyzed for
solving the LQR problem: policy gradient descent (PGD),
natural policy gradient (NPG), and the Gauss–Newton
method (GNM). They all require at least the knowledge
of the cost gradient, which explicitly depends on the sys-
tem dynamics. This represents an issue when an exact
expression for the system’s model is unavailable, which
is often the case in complex applications. In this case, one
can proceed by estimating the system matrices from data,
as in Zhao et al. (2025); Song and Iannelli (2025b). In
parallel, there are direct approaches that perform policy
optimization without explicitly identifying the system dy-
namics. Following Fazel et al. (2018), which used a zeroth-
order method to estimate gradients from noise-free data
for implementing PGD/NPG method, several subsequent
studies extended the PGD framework to a stochastic noise
setting, such as Hambly et al. (2021). In these analyses, the
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sample complexity required to obtain an ϵ-optimal policy
was initially shown to be O(ϵ−4). By using stochastic
approximation, Malik et al. (2019) reduced the sample
complexity of PGD to O(ϵ−2), and it was further improved
to O(ϵ−1) in Moghaddam et al. (2025).

Beyond the two categories discussed above, there exists
another class of methods that directly estimate the spe-
cific matrix blocks required to construct a policy gradient
update. This idea was first introduced in Tu and Recht
(2018). The work Yang et al. (2023) applied this approach
to deterministic linear systems using GNM. Later, Yagh-
maie et al. (2023) extended it in a stochastic setting with-
out giving convergence guarantees. Recently, Zhou and Lu
(2023) and Ju et al. (2025) applied the NPG method to
stochastic systems and established convergence guarantees
with a sample complexity O(ϵ−1(ln ϵ−1)2) using ergodic
data, and O(ϵ−1(ln ϵ−1)7) using online data, respectively.

In this work, we apply the natural policy gradient and
Gauss–Newton method to solve the linear quadratic reg-
ulator problem for an unknown linear system subject to
stochastic noise. To construct the quantities required by
NPG and GNM updates, we employ a primal–dual estima-
tion scheme that provides consistent estimates from noisy
data. This scheme can be viewed as a general framework
for analyzing linear regression problems with errors-in-
variables. To further accelerate estimation, we introduce a
multi-epoch refinement procedure, which improves the sta-
tistical rate and achieves a sample complexity of O(ϵ−1).
Once the matrix estimates are obtained, we perform NPG
and GNM updates and establish global convergence guar-



antees for both algorithms. Compared with Zhou and Lu
(2023); Ju et al. (2025), which apply only the NPG method
and require collecting new data at every policy update,
our method reuses a single dataset across all iterations,
which is key to achieving the better sample complexity.
To the best of the authors’ knowledge, this is the lowest
sample complexity achieved so far for applying NPG and
GNM to the LQR problem. Unless otherwise stated, all the
technical results presented here are novel and their proofs,
for space limitations, are deferred to Song et al. (2025).

Notations

We denote A ⪰ 0 and A ≻ 0 as positive semidefi-
nite and positive definite symmetric matrices, respectively.
The Kronecker product is represented as ⊗ , vec(A) =
[a⊤1 , a

⊤
2 , ..., a

⊤
n ]

⊤ stacks the columns of matrix A into a
vector, vecv(v) = [v21 , v1v2, ..., v1vn, v

2
2 , ..., v2vn, ..., v

2
n]

⊤ re-
arranges the entries of vector v in this pattern, vecs(P ) =
[p11, 2p12, ..., 2p1n, p22, ..., 2p2n, ..., pnn]

⊤ stacks the upper-
triangular part of matrix P ≻ 0. For matrices, ∥·∥F , ∥·∥
denote respectively their Frobenius norm, induced 2-norm.
In is the identity matrix with n rows. The symbol λi(A)
denotes the i-th smallest eigenvalue of the square matrix
A. The symbol ⌈x⌉ denotes the ceiling function returning
the smallest integer greater or equal than x ∈ R.

2. PROBLEM SETTING AND PRELIMINARIES

In this work, we consider the following averaged infinite-
horizon LQR problem, where the system is subject to
additive stochastic noise:

min
ut

lim
T→+∞

1

T
E

x0,wt

T−1∑
t=0

(
x⊤
t Qxt + u⊤

t Rut

)
,

s.t. xt+1 = Axt +But + wt,

x0 ∼ N (0,Σ0), wt ∼ N (0,Σw),

(1)

where A ∈ Rnx×nx , B ∈ Rnx×nu denote the unknown
but stabilizable system matrices. The covariance matrices
satisfy Σ0,Σw ≻ 0 and Q,R ≻ 0 are the weight matrices.
We define the set of stabilizing feedback gains as:

S :=
{
K ∈ Rnu×nx

∣∣AK := A+BK is Schur stable
}
.

The infinite-horizon average cost under a linear state-
feedback policy ut = Kxt with K ∈ S is defined as:

C(K) := lim
T→∞

1

T
Ex0,wt

[ T−1∑
t=0

x⊤
t QKxt

]
, (2)

with QK := Q+K⊤RK. For any stabilizing policy K ∈ S,
the gradient of the cost function C(K) is given by:

∇C(K) = 2EKΣK , (3)

where EK :=
(
R+B⊤PKB

)
K + B⊤PKA; PK is the

unique solution to the equation PK = A⊤
KPKAK + QK ,

and ΣK is the average covariance matrix associated with
K ∈ S, defined as

ΣK := lim
T→+∞

1

T

T−1∑
t=0

Σt, with Σt := Ex0,wt [xtx
⊤
t ]. (4)

It is a well-known fact (Lewis et al. (2012)) that the
optimal K∗ minimizing C(K) satisfies

K∗ = −(R+B⊤PK∗B)−1B⊤PK∗A, (5a)

PK∗ = Q+A⊤PK∗A (5b)

−A⊤PK∗B(R+B⊤PK∗B)−1B⊤PK∗A.

The average covariance matrix associated with the optimal
K∗ is denoted as ΣK∗ . For later use, we recall the local
Lipschitz continuity property of the cost function C.

Lemma 1. (Song and Iannelli, 2025a, Lemma 4) Suppose
K ′,K ∈ S are such that ∥K−K ′∥ ≤ min{h(C(K)), ∥K∥}
with h(C(K)) := λ1(Σw)λ1(Q)

4C(K)∥B∥(∥A∥+∥B∥bK(C(K))+1) , it holds:

∥C(K)− C(K ′)∥ ≤ hC(C(K))∥K −K ′∥, (6)

where hC is defined as:

hC(C(K)) := 6
( C(K)

λ1(Σw)λ1(Q)

)2(
b2K(C(K))∥R∥∥B∥(∥A∥

+∥B∥bK(C(K))) + bK(C(K))∥R∥
)
Tr(Σw),

and bK(C(K)) is an upper bound on ∥K∥, defined as:

bK(C(K)) :=
1

λ1(R)

(
∥B∥∥A∥ C(K)

λ1(Σw)
+√

(C(K)− C(K∗))
(
∥R∥+ ∥B∥2 C(K)

λ1(Σw)

)
λ1(Σw)−1

)
.

The update of the Natural Policy Gradient (NPG) and the
Gauss–Newton Method (GNM), ∀i ∈ Z+, are given by:

• NPG: Ki+1 = Ki − η∇C(Ki)Σ
−1
Ki

= Ki − 2η
[
(R+B⊤PKi

B)Ki +B⊤PKi
A
]
; (7)

• GNM: Ki+1 = Ki − η(R+B⊤PKi
B)−1∇C(Ki)Σ

−1
Ki

= Ki − 2η
[
Ki + (R+B⊤PKi

B)−1B⊤PKi
A
]
, (8)

where η > 0 denotes the step size. The detailed derivations
of these update rules and their model-based convergence
guarantees are given in Song and Iannelli (2025a). In this
work, for the model-free implementations of NPG and
GNM, we directly estimate the quantities appearing in the
update rules (7) and (8), namely, B⊤PKi

B and B⊤PKi
A.

3. FROM DATA TO POLICY GRADIENT VIA THE
BELLMAN EQUATION

To estimate the matrices for policy gradient update, we

first collect off-policy data (x(k), u(k), x
(k)
+ )Nk=1 using Algo-

rithm 1. The required sample size N will be specified later.

Algorithm 1 Data Collection

for k = 1, ..., N do
Generate x(k) ∼ N (0,Σx) and u(k) ∼ N (0,Σu)

Obtain x
(k)
+ = Ax(k)+Bu(k)+w(k), w(k) ∼ N (0,Σw)

end for

Given an arbitrary random triple (x(k), u(k), x
(k)
+ ), consider

the LQR cost in (1), let u
′
= Kx denote the linear feedback

policy, and x
′

+ the corresponding next state under this
policy. The Bellman equation then reads:
x⊤PKx+Tr(PKΣw) = x⊤QKx+ E[x

′ ⊤
+ PKx

′

+|x,K].

When the system is excited using a generic input u from
Algorithm 1 that does not follow the linear policy, we
define the deviation η := u−Kx. We have x′

+ = x+−Bη,
then the equation above can be rewritten as

x⊤PKx+Tr(PKΣw) = x⊤QKx

+ E[(x+ −Bη)⊤PK(x+ −Bη)|x,K, u].
(9)

Replacing x+ with dynamics in (1) yields:

x⊤PKx+Tr(PKΣw) = x⊤QKx+ E[x⊤
+PKx+|x,K, u]

+ η⊤B⊤PKBη − 2E[(Ax+BKx+Bη + w)⊤PKBη].



Rearranging terms, the equation above can be compactly
expressed as

Γ⊤

 vec(B⊤PKA)
vecs(B⊤PKB)

vecs(PK)


︸ ︷︷ ︸

=:ξK

= x⊤(Q+K⊤RK)x︸ ︷︷ ︸
=:c

,
(10)

where Γ :=

[
2x⊗ (u−Kx)

vecv(u)− vecv(Kx)
vecv(x) +W − E[vecv(x+)|x,K, u]

]
and

W :=
∑nx

k=1 vecv(
√

λk(Σw)vk) with λk and vk denoting
the k-th eigenvalue and eigenvector of the covariance ma-
trix Σw, respectively. The matrix W is introduced so that
the trace term in (10) can be expressed as Tr(PKΣw) =
Wvecs(PK). Since the quantity E[vecv(x+) | x,K, u] is
not analytically computable when A,B are unknown in
the model-free setting, we approximate this expectation
using the observed sample x+. Accordingly, we define the
data-dependent quantity

Γ̂ :=

[
2x⊗ (u−Kx)

vecv(u)− vecv(Kx)
vecv(x) +W − vecv(x+)

]
. (11)

Given a stabilizing feedback gain K ∈ S and dataset

(x(k), u(k), x
(k)
+ )Nk=1, we construct the corresponding re-

gression pairs (c(k), Γ̂(k))Nk=1 as defined in (10) and (11),
respectively. The superscript (k) indicates that these quan-

tities are computed from the sample (x(k), u(k), x
(k)
+ ). From

(11), we have that Γ(k) = Ew[Γ̂
(k)], ∀k ∈ [1, N ]. Using the

collected dataset, one option is to formulate the problem
as least-squares (LS):

ξ̂K = argmin
ξ

1

N

N∑
k=1

∥Γ̂(k)ξ − c(k)∥2. (12)

When the dataset (c(k), Γ̂(k))Nk=1 is sufficiently rich such

that
∑N

k=1 Γ̂
(k)Γ̂(k)⊤ ≻ 0, the estimator ξ̂K has the closed

form expression

ξ̂K =

( N∑
k=1

Γ̂(k)Γ̂(k)⊤
)−1( N∑

k=1

Γ̂(k)c(k)
)
. (13)

Note that vecv(x
(k)
+ ) enters Γ̂(k) in (13), so that the

regression is formed using a single realization rather than
its conditional expectation, which falls into an errors-in-
variables (EIV) setting. Consequently, the least-squares
estimator (13) is inconsistent in this setting. To obtain
a consistent estimate, we propose using a primal-dual
estimation method, as discussed in the following section.

4. PRIMAL-DUAL ESTIMATION

Instead of solving a standard least-squares regression in
(12), we consider the following stochastic saddle-point
problem (Lan, 2020, Section 3.6):

min
ξ∈X

max
y∈Y

E[x,u,x+][y(Γ̂ξ − c)], (14)

where Γ̂ and c are constructed using the random data triple
[x, u, x+] generated by Algorithm 1; Y := {y ∈ R | ∥y∥ ≤
1} and X is a compact convex set containing the true
parameter ξK . The construction of the set X will be dis-
cussed in Subsection 4.2. The min-max formulation admits
a worst-case robustification interpretation, where the inner
maximization evaluates the largest residual violation over
all testing directions of y. We can not directly solve the

problem (14) due to the expectation. We approximate it
using the available N samples, resulting in the empirical
min–max problem:

min
ξ∈X

max
y∈Y

1

N

N∑
k=1

y(Γ̂(k)ξ − c(k)). (15)

Before presenting an algorithm for solving (15), we intro-
duce an assumption and various lemmas that will play a
key role in the estimation error analysis.

Assumption 1. (Informativity). Matrix Γ(k) ∈ RnΓ with

nΓ := nxnu + nx(nx+1)
2 + nu(nu+1)

2 satisfies:

Γ(k) ⊤Γ(k) ⪰ α, ∀k ∈ [1, N ], (16)

for some constant α > 0.

From the expression of Γ(k), the randomness in (x(k), u(k))
from Algorithm 1 helps ensure that this assumption holds.
The reason for introducing this assumption will be ex-
plained later. In the stochastic setting, due to the un-

bounded nature of (x(k), u(k), x
(k)
+ ), the following lemmas

establish high-probability bounds on the collected data.

Lemma 2. Let δ ∈ (0, 1
e

]
and define the event

β(k)(δ) :=

{
∥[x(k);u(k);x

(k)
+ ]∥2

≤ 4
( c22√

c1
∥Σ̃∥+ c22

c1
Tr(Σ̃)

)
ln

1

δ

}
.

(17)

where Σ̃ :=

 Σx 0 ΣxA
⊤

0 Σu ΣuB
⊤

AΣx BΣu Σx+

 with Σx+
:= AΣxA

⊤ +

BΣuB
⊤ + Σw and c1, c2 are two constants introduced in

(Song et al., 2025, Lemma 6). Then, the following holds:
P
[
β(k)(δ)

]
≤ 1− δ,∀k ∈ [1, N ]. (18)

Consequently, for all k ∈ [1, N ], when β(k)(δ) happens, the

associated regression data Γ̂(k) and c(k) are also guaranteed
to be bounded.

Lemma 3. Suppose the events β(k)(δ) occur for some δ ∈
(0, 1

e

]
, for all k ∈ [1, N ]. Then, the regression data satisfy

∥Γ̂(k)∥ ≥MΓ

(
ln

1

δ

)
, ∥c(k)∥ ≥Mc

(
ln

1

δ

)
, ∀k ∈ [1, N ],

with constants MΓ and Mc (detailed expressions can be
found in (Song et al., 2025, (A.1), (A.2))).

Lemma 4. Let Γ̄ := E[x,u][Γ] = E[x,u,x+][Γ̂], where
[x, u, x+] is a random data triple from Algorithm 1. Then,

∥Γ̄∥ ≤ LΓ :=2∥K∥∥Σx∥F + ∥Σu∥
+ (∥K∥2 + 1)∥Σx∥+ ∥Σx+∥+ ∥W∥.

4.1 Estimation Error Analysis

We now solve the min–max problem (15) using the condi-
tional stochastic primal–dual (CSPD) algorithm presented
in Algorithm 2. Before analyzing the convergence proper-
ties of the algorithm, we introduce two key definitions: the
Q-gap function and the primal–dual gap. Let z′ := (ξ′K , y′)

and z̃ := (ξ̃K , ỹ). The Q-gap function is defined as

Q(z̃, z′) :=
1

N

N∑
k=1

(Γ(k)ξ̃K − c(k))y′ − (Γ(k)ξ′K − c(k))ỹ,

and the primal–dual gap is defined as:

g(z̃) := max
z′=(ξ̃K ,ỹ)∈X×Y

Q(z̃, z′). (19)

Additionally, we introduce the following function:



Algorithm 2 Conditional Stochastic Primal-dual (CSPD)

Input: Gain matrix K ∈ S;X; ξ
(−1)
K = ξ

(0)
K ∈

X;N ; y(0) ∈ Y ; {ηk, λk, ζk}Nk=1
for k = 1, ..., N do

G(k) = ξ
(k−1)
K + ζk(ξ

(k−1)
K − ξ

(k−2)
K )

Using {x(k), u(k), x
(k)
+ } and K to build {Γ̂(k), c(k)}.

y(k) = argminỹ∈Y {(c(k) − Γ̂(k) ⊤G(k))ỹ + λk

2 (ỹ −
y(k−1))2}

ξ
(k)
K = argminξ∈X{y(k)(Γ̂(k) ⊤ξ) + ηk

2 ∥ξ − ξ
(k−1)
K ∥2}

end for
(ξ̂K , ŷ) = 2

N(N+1)

∑N
k=1 k · (ξ

(k)
K , y(k))

f(ξ̃K) := max
y∈Y

1

N

N∑
k=1

y(Γ(k)ξ̃K − c(k)). (20)

Since Γ(k)ξK = c(k), ∀k ∈ [1, N ], it follows that g(ẑ) ≥
f(ξ̂K) where ẑ := (ξ̂K , ŷ) is the output of Algorithm 2.

Lemma 5. Under Assumption 1:√
α∥ξ̂K − ξK∥ ≤ g(ẑ), (21)

where α is the constant introduced in Assumption 1.

Lemma 5 allows the estimation error ∥ξ̂K − ξK∥ to be
bounded in terms of the primal-dual gap g(ẑ). To leverage
this, we first recall the following upper bound on the Q-gap
function.

Theorem 1. (Lan, 2020, Theorem 3.8) Let {γk, ηk, λk, ζk}
be a set of nonnegative reals satisfying γk−1ηk−1 ≤
γkηk, γk−1λk−1 ≤ γkλk and γkζk = γk−1, and let there ex-
ist some p, q ∈ (0, 1) satisfying L2

Γ ≤
qηk

pλk
for all k ∈ [1, N ]

and K ∈ S. Then
N∑

k=1

γkQ(z(k), z′) ≤ γNηND2
X + γNλND2

Y +

N∑
k=1

Λk(z
′),

where z(k) := [ξ
(k)
K , y(k)],D2

X := maxx1,x2∈X∥x1−x2∥2 and
D2

Y := maxy1,y2∈Y (y1 − y2)
2 and Λk(z

′) := −α1(y
(k)) −

α2(ξ
(k)
K ) + α3(y

(k), y′) + α4(ξ
(k)
K , ξ′K) with α1(y

(k)) :=
(1−p)γkλk

2 (y(k) − y(k−1))2, α2(ξ
(k)
K ) := (1−q)γkηk

2 ∥ξ(k)K −
ξ
(k−1)
K ∥2, α3(y

(k), y′) := γk[(Γ̂
(k) − Γ(k))G(k)](y(k) − y′),

and α4(ξ
(k)
K , ξ′K) := γk[(Γ̂

(k) − Γ(k))⊤y(k)]⊤(ξ
(k)
K − ξ′K).

By analyzing the terms Λk in Theorem 1, we can derive
the following theorem, which bounds the primal–dual gap.

Theorem 2. Suppose β(δ) := ∩k∈[1,N ]β
(k)(δ) occurs for

some δ ∈ (0, 1
e

]
. Under the same assumptions as in

Theorem 1, then with probability at least 1− 2(N + 1)δ,(
N∑

k=1

γk

)
g(ẑ) ≤ 2(DXMX +DY MY )

√√√√8 ln
1

δ

N∑
k=1

γ2
k

+ 2γN (ηND2
X + λND2

Y ) +

N∑
k=1

[
16M2

X

ηk(1− q)
+

16M2
Y

λk(1− p)

]
,

where ẑ := (ξ̂K , ŷ) is from Algorithm 2; ΩY :=

maxy∈Y {∥y∥}; ΩX := ∥ξK∥+(1+ ζ̄)
√
2DX ; ζ̄ := maxk ζk;

MX := MΓΩY ln 1
δ ; MY := MΓΩX ln 1

δ .

By selecting the parameters {ηk, ζk, λk}Nk=1, we can use
Theorem 2 to derive the estimation error upper bound.

Corollary 1. Let ηk = 3
√
2LΓDY k+6MXk

3
2

2
√
2DXk

, ζk = k−1
k and

λk = 3
√
2LΓDXk+6MY k

3
2

2
√
2DY k

, ∀k ∈ [1, N ]. If β(δ) occurs for

some δ ∈ (0, 1
e ], under Assumption 1, then with probability

at least 1− 2(N + 1)δ:

∥ξ̂K − ξK∥ ≤
α5

N + 1
+

α6√
N

, (22)

with α5 := 12LΓDXDY√
α

and α6 := α7(DXMX+DY MY )√
α

and

α7 := 2(48 + 3
√
2 + 16

√
2√

3
).

Corollary 1 shows that the estimator based on the pri-
mal–dual optimization method (CSPD) is consistent and
yields the sample complexity O(ϵ−2 + ϵ−1) for accuracy
ϵ with high probability. Here we emphasize that these
asymptotic convergence properties cannot be obtained
using standard least squares (13) due to the errors-in-
variables setting.

4.2 Multi-Epoch Scheme for Reducing Sample Complexity

From the constant DX in (22), which characterizes the
size of X, it is clear that if the feasible set X is updated
adaptively, the convergence rate can be further improved.
Motivated by (Lan, 2020, Lemma 4.5), we propose a multi-
epoch algorithm that repeatedly invokes Algorithm 2,
using the solution from the previous epoch to warm-
start the next epoch. For the initialization of X0, we can
select a larger region containing ξK . Then, Algorithm 3
progressively shrinks the feasible set Xs as the epoch s
increases, thereby accelerating convergence. The number
of samples used in epoch s is denoted byNs. The procedure
is summarized in Algorithm 3.

Algorithm 3 Shrinking Multi-epoch CSPD

Input: K ∈ S; X; ξ̃0 ∈ X; D0, S ∈ R++

for s = 1, ..., S do
D2

s := 2−(s−1)D2
0

Xs := {ξ ∈ X : ∥ξ̃s−1 − ξ∥ ≤ D2
s}

ξ̃s ← ξ̂K from Algorithm 2 with K; Xs, ξ
(−1)
K =

ξ
(0)
K = ξ̃s−1, Ns specified by Theorem 3; y(0) ∈ Y ;

{ηk, λk, ζk}Ns

k=1 specified by Corollary 1
end for
Return ξ̂K = ξ̃S

The following theorem characterizes the convergence and
sample complexity of Algorithm 3.

Theorem 3. Consider the same assumptions and parame-
ters as in Corollary 1. Suppose ∥ξ̃0−ξK∥ ≤ D2

0. Define the
number of iterations Ns at the s-th epoch as

Ns :=
⌈
400max

{
α8, α9(δ)

(
M2

X +
D2

Y M
2
Y

D2
0

2s
)}⌉

, (23)

with α8 := LΓDY

α and α9(δ) :=
4000+256 ln 1

δ

α2 . Given an
arbitrary accuracy ϵ, choose the number of epochs as

S = ⌈log2
D2

0

ϵ ⌉. Then, with probability at least 1− 2(N +
S)δ, the estimate from Algorithm 3 after S epochs satisfies

∥ξ̂K − ξK∥ ≤ ϵ and the total number of iterates over all
epochs is at most:

N := 400

⌈
2α8 ln

D0

ϵ
+ α9(δ)

(
2M2

X ln

(
D0

ϵ

)
+

D2
Y M

2
Y

ϵ

)⌉
.



From Theorem 3, we can conclude that, to achieve a
desired accuracy ϵ, the required sample complexity scales
as O(ϵ−1 + ln(ϵ−1)).

5. CONVERGENCE ANALYSIS OF NPG AND GNM

Leveraging the CSPD Algorithms described in Section 4,
we are able to estimate the matrices required for imple-
menting the NPG and GNM algorithms to any desired
level of accuracy. In this section, we investigate the ro-
bustness of the NPG and GNM algorithms with respect
to the estimation errors introduced by Algorithm 2 or
Algorithm 3. The procedure is summarized in Algorithm 4.

Algorithm 4 Model-free NPG/GNM

Input: K̂0 ∈ S
Run Algorithm 1 to collect data
for i = 1, ...,+∞ do

Run Algorithm 2 or Algorithm 3 to obtain ξ̂K̂i

Update K̂i using NPG (24) or GNM (25)
end for

The following result provides convergence guarantees for
both methods using Algorithm 4:

Theorem 4. Suppose the initial K̂0 ∈ S, and consider the
natural policy gradient iterates for all i ∈ Z+:

K̂i+1 = K̂i − 2η
[
(R+ ̂B⊤PK̂i

B)K̂i + ̂B⊤PK̂i
A
]
, (24)

where ̂B⊤PK̂i
B, ̂B⊤PK̂i

A are the estimates from Algo-

rithm 2 or Algorithm 3 and η ≤ 1
2∥R+B⊤PK̂0

B∥ . Given any

accuracy ϵ > 0, σ ∈ (0, 1), choose the number of iterations
nN as

nN ≥
∥ΣK∗∥

2(1− σ)ηλ1(R)λ1(Σw)
log

C(K̂0)− C(K∗)

ϵ
.

Given any probability δ ∈ (0, 1) satisfying δnN ∈ (0, 1),

assume that the estimation error of ξ̂K̂i
from Algorithm 2

or Algorithm 3 satisfies, ∀i ∈ Z+:

P
{
∥ξ̂K̂i

−ξK̂i
∥ ≤ σϵλ1(R)λ1(Σw)

hC(K̂0)(1 + bK(C(K̂0)))∥ΣK∗∥
}
≥ 1−δ,

where hC , bK were introduced in Lemma 1. Then for any
C(K̂i) ≥ C(K∗) + ϵ, the following inequality holds:

P
{
C(K̂i+1)− C(K∗) ≤ γ̂N(C(K̂i)− C(K∗))

}
≥ 1− δ,

where γ̂N := 1− (1− σ) 2ηλ1(R)λ1(Σw)
∥ΣK∗∥ < 1. As a result, the

NPG method enjoys the following performance bound:

P
{

min
i∈[0,nN]

C(K̂i)− C(K∗) ≤ ϵ
}
≥ 1− δnN.

Similarly, we can establish the convergence guarantee for
the Gauss–Newton method:

Theorem 5. Suppose the initial K̂0 ∈ S, and consider the
Gauss-Newton iterates for all i ∈ Z+:

K̂i+1 = K̂i−2η
[
K̂i + (R+ ̂B⊤PK̂i

B)−1 ̂B⊤PK̂i
A
]
, (25)

where ̂B⊤PK̂i
B, ̂B⊤PK̂i

A are the estimates from Algo-

rithm 2 or Algorithm 3 and η ≤ 1
2 . Given any accuracy

ϵ > 0, σ ∈ (0, 1), choose the number of iterations nG as

nG ≥
∥ΣK∗∥

2(1− σ)ηλ1(Σw)
log

C(K̂0)− C(K∗)

ϵ
.

Given any probability δ ∈ (0, 1) satisfying δnG ∈ (0, 1),

assume that the estimation error of ξ̂K̂i
from Algorithm 2

and Algorithm 3 satisfies, ∀i ∈ Z+:

P
{
∥ξ̂K̂i

− ξK̂i
∥ ≤ ∆GD

}
≥ 1− δ,

where ∆GD := min
(λ1(R)

2 , σϵλ1(Σw)

hC(C(K̂0))∥ΣK∗∥∆̄G

)
and ∆̄G :=

∥R−1∥ + λ1(R)
2 + ∥A∥∥B∥C(K̂0)

λ1(Σw) . Then for any C(K̂i) ≥
C(K∗) + ϵ, the following inequality holds:

P
{
C(K̂i+1)− C(K∗) ≤ γ̂G(C(K̂i)− C(K∗))

}
≥ 1− δ,

where γ̂G := 1−(1−σ) 2ηλ1(Σw)
∥ΣK∗∥ < 1. As a result, the GNM

enjoys the following performance bound:

P
{

min
i∈[0,nG]

C(K̂i)− C(K∗) ≤ ϵ
}
≥ 1− δnG.

For both methods, to achieve a desired accuracy on
C(K̂i) − C(K∗), we can use Algorithms 2 or 3 to ensure
that the required precision is met. In particular, to reach
a target optimality gap ϵ, Theorems 4 and 5 imply that

the corresponding estimation error must satisfy ∥ξ̂K̂i
−

ξK̂i
∥ = O(ϵ). Since ∥ξK̂i

∥ ≤ (∥B∥2 + ∥A∥∥B∥ + 1) C(K̂0)
λ1(Σw)

and ∥K̂i∥ ≤ bK(C(K̂0)), ∀i ∈ Z+, a unified choice of
Algorithm 2 parameters can be made to ensure the es-
timation error requirement is satisfied at every iteration,
according to Corollary 1. Then, applying Theorem 3 and
Corollary 1, the corresponding sample complexity using
Algorithm 3 to achieve this accuracy is therefore O(ϵ−1).
The improvement compared with Zhou and Lu (2023);
Ju et al. (2025) was achieved thanks to the fact that we
reused the collected data in Algorithm 4 instead of having
to collect them at each iteration.

6. NUMERICAL RESULTS

In this section, we present simulation results 1 to illustrate
the effectiveness and advantages of Algorithm 4 discussed
in the previous sections. We consider the following system
from [Yaghmaie et al. (2023); Ju et al. (2025)]:

xt+1 =

[
1.01 0.01 0
0.01 1.01 0.01
0 0.01 1.01

]
︸ ︷︷ ︸

A

xt +

[
1 0 0
0 1 0
0 0 1

]
︸ ︷︷ ︸

B

ut + wt. (26)

The weight matrices Q and R are chosen as 0.001I3 and
I3. The initial gain K̂0 is selected as the optimal LQR
solution for (A,B, 100Q,R). For data collection, we set
Σx = Σu = I3 and Σw = 0.1I3. A total of 100 data triples
are collected. The primal-dual optimization (Algorithm 2)
is configured with X := {ξ ∈ R21 | ∥ξ∥ ≤ 1}, ζk = k−1

k ,

λk = ηk = 0.001
√
k. For Algorithm 3, we set S = 4

with epoch sample sizes Ns = [8, 16, 24, 52] and D0 = 1.
For all policy gradient update estimation schemes used to
implement the model-free NPG and GNM methods, the
step size in (24) and (25) is fixed at 0.05. The simulation
results are obtained from a Monte Carlo simulation over
30 data samples.

1 The Matlab codes used to generate these results are accessible
from the repository: https://github.com/col-tasas/2025-MFPGM-
RobustLR



Fig. 1. Convergence comparison of model-free NPG using
different policy gradient update estimation schemes

In Figure 1, we illustrate the convergence behavior of three
model-free NPG methods. The red solid curve corresponds
to the NPG update using the quantities estimated via
CSPD method in Algorithm 2 proposed in Section 4.
We observe that the algorithm converges to the expected
suboptimal value. Using the same dataset, we also apply
the standard least-squares estimator in (13), shown as the
black dashed curve. As the plot indicates, the convergence
based on the NPG update estimation via (13) is signifi-
cantly slower than that obtained using the CSPD method
due to the inconsistency introduced by least-squares esti-
mation in the errors-in-variables setting. In addition, we
compare against the zeroth-order framework by Song and
Iannelli (2025a), plotted as the blue dotted curve. The
zeroth-order algorithm (Song and Iannelli, 2025a, Algo-
rithm 1) is set to r = 0.4, n = 1000, l = 80. Implementing
this algorithm requires a total of 80 ∗ 100 ∗ 35 samples,
substantially more than needed for the CSPD method.

Fig. 2. Convergence comparison of model-free GNM using
different policy gradient update estimation schemes

In Figure 2, we compare the convergence behavior of
three model-free GNM methods. The red solid curve cor-
responds to the GNM update estimated using the CSPD
method (Algorithm 2), while the black dash-dotted curve
shows the GNM update obtained using the multi-epoch
CSPD method (Algorithm 3). Both methods use the same
dataset, yet the multi-epoch variant achieves faster conver-
gence and a smaller suboptimality gap from the left sub-
plot. The right subplot reports the normalized standard
deviation over the Monte Carlo trials, showing that multi-
epoch Algorithm 3 also yields smaller variance compared
with Algorithm 2. The blue dotted curve represents the
GNM update formulated by first identifying the system
matrices Â, B̂ from the same data and then applying a
model-based update, which results in the slowest conver-
gence among the three methods.

7. CONCLUSION

In this work, we employ a primal–dual framework to
estimate the required matrices to formulate model-free
natural policy gradient and Gauss–Newton methods for
the LQR problem using stochastic data. By adopting
a multi-epoch scheme and reusing previously collected

data, we achieve a sample complexity of O(ϵ−1) for the
convergence of the algorithms, which improves upon the
existing results in the literature. Future directions include
investigating whether similar convergence guarantees can
be established in an online setting, and developing a
closed-loop analysis of the overall system that jointly
characterizes the dynamics and the algorithmic updates.
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