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Abstract: This work studies the linear convergence of an accelerated scheme of the Alternating
Direction Method of Multipliers (ADMM) for strongly convex and Lipschitz-smooth problems.
We use the methodology of expressing the accelerated ADMM as a Lur’e system, i.e., an
interconnection of a linear dynamical system in feedback with a slope-restricted operator, and we
use Integral Quadratic Constraints to establish linear convergence. We leverage this machinery
to systematically explore parameter tuning heuristics, including Nesterov-inspired choices and
configurations identified via grid search, and analyze their impact on the convergence rate.
Our new bounds show improved linear convergence rates compared to the vanilla algorithm
and previously proposed accelerated variants, which is also empirically validated on a LASSO

regression benchmark.
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1. INTRODUCTION

The Alternating Direction Method of Multipliers (ADMM)
(Glowinski and Marroco, 1975; Boyd et al., 2011) has
emerged as a benchmark algorithm for solving convex com-
posite optimization problems. Its ability to decompose the
original problem into subproblems that can be solved in
parallel made it especially popular in computation-heavy
domains such as signal processing, machine learning, or
distributed control.

It has long been established that ADMM enjoys prov-
able convergence guarantees in the convex setting. Deng
and Yin (2016) showed that for general convex problems,
ADMM achieves an O(1/k) convergence rate, while for
the strongly convex and smooth case it attains a linear
convergence rate, with optimally tuned parameters given
in Giselsson and Boyd (2017). An alternative proof of lin-
ear convergence was presented by Nishihara et al. (2015),
who applied the Integral Quadratic Constraints (IQC)
framework (Megretski and Rantzer, 1997; Lessard et al.,
2016; Michalowsky et al., 2021) to numerically derive con-
vergence rates and tune parameters. The proof frames the
optimization algorithm as a Lur’e system (a feedback inter-
connection of an LTI system and monotone operators), and
casts the convergence analysis as a stability problem. This
framework offers the main advantage that the analysis of
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altered schemes, such as over-relaxed variants, can also be
seamlessly carried out in an automated fashion as long as
they can be framed in the Lur’e setting.

Accelerated variants of ADMM (A-ADMM) have also
been proposed and analyzed in recent years. Goldstein
et al. (2014) showed that Nesterov acceleration leads to a
convergence rate of O(1/k?) in the strongly convex setting.
Wang et al. (2021) provided linear convergence guarantees
when Anderson acceleration is applied. Patrinos et al.
(2014); Pejcic and Jones (2016) proved linear convergence
of accelerated Douglas—Rachford splitting and ADMM for
strongly convex quadratic problems, showing that the
optimal rate matches that of Nesterov’s fast gradient
method. However, an analysis of the convergence rates
of A-ADMM for general strongly convex and smooth
problems is still unaddressed, as well as the question
of whether other known rates from classical accelerated
gradient methods (AGMs) can be matched.

In this work, we extend the IQC-based analysis of vanilla
ADMM (Nishihara et al., 2015) to the accelerated case,
when one of the objectives is strongly convex and smooth.
By casting the A-ADMM algorithm as a Lur’e system,
we propose a semi-definite program (SDP) that provides
a numerical tool to theoretically verify worst-case conver-
gence rates of accelerated schemes using different param-
eter selections. Crucially, we show that dynamic O’Shea-
Zames-Falb (OZF) IQCs (Scherer, 2023) are essential to



Table 1. Contextualization of the results. Here, p; = 1 — ﬁ, P2 =

with k = L.
m

1 _ V2k—1
K

)

NM stands for Nesterov parameter selection (Table 2).

Setting Objective f Algorithm Rate p Reference

min f(x) Quadr. Nesterov Method 1 Nesterov (2004)

min f(z) S(m, L) Nesterov Method P2 Safavi et al. (2018)
(1) Quadr. A-ADMM (NM) 1 Patrinos et al. (2014); Pejcic and Jones (2016)
(1) S(m, L) A-ADMM (NM) Fig. 1 This work

certify convergence of the accelerated scheme. Based on
this, we propose a systematic parameter tuning proce-
dure and demonstrate that Nesterov-inspired parameter
selections match the rates of the analogous AGM in the
strongly convex and smooth setting (cf. Table 1). Finally,
we identify through grid search a new A-ADMM con-
figuration with the fastest certified rate. Our theoretical
results are validated on a LASSO regression case study,
demonstrating consistently improved convergence speed of
our schemes compared to existing benchmark algorithms.

The remainder of the paper is organized as follows. Sec-
tion 2 presents the problem setup, the ADMM formulation,
and the required IQC preliminaries. Section 3 provides a
Lur’e representation of the A-ADMM scheme. In Section 4,
we study the convergence rates of this A-ADMM scheme
under different parameter configurations. In Section 5,
we provide a case study on LASSO regression. Finally,
Section 6 concludes the paper.

Notation. The identity matrix of dimension p is denoted
as I,. The gradient and subdifferential of a function
f are denoted by Vf and Of, respectively. For 0 <
m < L < oo, we let Sp(m,L) denote the class of
functions f : RP — R that are m-strongly convex and
have L-Lipschitz continuous gradients. The special case
Sp(0,00) corresponds to the set of proper, closed and
convex functions. For a matrix M, its condition number
is defined as kyy = (M) /o (M), where (M) and o(M)
denote the largest and smallest singular values of M,
respectively. A discrete-time LTI system maps the signals
u +— y via the recursion 41 = A&y + Bug, yr = C& +
Duy, as a & dependent mapping, and will be compactly

expressed as y = Gu with G = [%%}. We will write

. AR®I,| BRI, .
G ® I; to define a lifted system [m’m} . The series

interconnection between two LTI systems G; : u — y and
Gs @ y — w will be denoted as G1 - G2 : u — w. The
forward shift operator is denoted as z.

2. PRELIMINARIES
2.1 Accelerated ADMM

We consider constrained convex optimization problems of
the form

e, f(x)+g(z) st. Ax+Bz=¢, (1)
where f : R? — R, f € Sp,(m,L) and g : R? — R,
g € S4(0,00). The matrices A € RP*P, B € RP*?, and
¢ € RP define linear equality constraints coupling the
variables  and z, where we particularly assume that A
is invertible and that B has full column rank. Having a
strongly convex and smooth component in (1) is common
in many practical applications (Deng and Yin, 2016),

while restricting A to be square and invertible is slightly
restrictive, but also done in Nishihara et al. (2015). We
note that many practical problem instances still satisfy
this structure, including consensus problems and various
distributed optimization tasks (Notarstefano et al., 2019).

To address problem (1), we use the over-relaxed ADMM
algorithm (OR-ADMM) (Boyd et al., 2011)

trpr =arg min f(2) + g | Az + B2 — e+ M [* (20)
kil = ale fel]igri 9(2) + 5= @Az — (1 — @) Bz, (2b)

+ Bz —ac+ M?
)\k,‘-‘rl :5\k+OéAl’k-+1—(I—Q)B2k+sz+1_ac (2C)

as a starting point, and augment it with a momentum term

2 = 2k + vz — 2—1) (3a)
Ak = A+ v2( Mg — Ak—1), (3b)

as in Goldstein et al. (2014); Pejcic and Jones (2016). Here,
vy > 01is a penalty parameter, v > 0 a momentum param-
eter, and a > 0 the so-called over-relaxation parameter.
We recover the nominal A-ADMM by setting o« = 1, and
the vanilla, non-accelerated, ADMM with v = 0. Both
« and o have been shown to improve the convergence
speed for suitable choices (Eckstein and Bertsekas, 1992;
Patrinos et al., 2014). The over-relaxation parameter o
is chosen in the interval (0,2], while vy is often selected
according to Nesterov’s schemes (Nesterov, 2004), e.g., as
in Patrinos et al. (2014). To explore alternative parameter
selection strategies, we employ the IQC framework.

2.2 Integral Quadratic Constraints for Convex Functions

Algorithm (2)-(3) will be analyzed as a dynamical system
converging to points that satisfy the first-order optimality
conditions of (1). We will make use of the well-known
fact that (sub)gradients of (strongly) convex functions are
monotone and, thus, their input/output relation satisfies
IQCs for slope-restricted operators (Lessard et al., 2016).
To be more precise, they have been shown to fulfill so-
called p-hard O’Shea-Zames—Falb IQCs.

Proposition 1. (Scherer (2023)). Let f € S,(m,L), g €
Sp(0,00) and let p € (0,1) be an exponential discount
factor. For n € Ny, let {hf}?__. and {hI}7__, be

sequences of filter coefficients satisfying hg ,h§ >0 and

hy<ONT#0, > pThi>0, Y phI>0 (4)

T=—"n T=—"n

for « € {f, g}, and define the parametrized LTT filters



\I/g(hg) = |[7=0 0
0 > hiar (5)
v = ) | 5

Let {ay}, {bx} be some p-dim. square summable sequences
and let a*,b* € R? be constant references. For v € 0g(bx)
and v* € dg(b*), define

ap=ap—a’,  Vf,=Vfla)- V),
by = by — b*, e =y — "
Finally, define the filtered sequences

Vi = (Vy@1,) [va}]j y Yok = (Y, ®1,) {g]]z]

and M = [{}]. Then, for all T > 0, it holds
T
ZP_% iT,k(M® I)ip >0, i=1,2. (6)
k=0

The filter coefficients hf, h9 will serve as degrees-of-
freedom in the resulting SDP, subject to the convex
constraint (4). In theory, the filter dimension 7 can be
infinite, but is chosen finite in practice to yield finite-
dimensional state-space realizations. A choice of n = 0
leads to static filters Wy, ¥, and pointwise satisfaction
of the inequalities (6), which is often referred to in the
literature as a sector IQC (Lessard et al., 2016). While
sector IQCs are sufficient to certify the convergence of
vanilla. ADMM (Nishihara et al., 2015), we will show
in Section 4 that the more general dynamic OZF IQCs
(7 > 0) are essential for the accelerated case.

2.8 Stability Analysis of First-Order Algorithms

Consider the following Lur’e representation of a first-order
algorithm

b1 = (A L)& + (B ® I)wy
b = (C® L) + (D ® I)wk

with state £ € R™¢, output 0 = vg + v for some constant
offset v, and

Vg = [z;:] , W= [Vfizl’k)} Yk € 09(va ), (7b)
where f € Sp(mj/)7 g € 5,(0,00) for some m, L. It has
been shown that ADMM, as well as many other composite
optimization algorithms, can be represented as (7) (Nishi-
hara et al., 2015) when f, § are suitably chosen. In general,
(A,é,é’,f)) fulfills structural assumptions such that its
fixed-point (£*,0*,w*) is unique and satisfies first-order
optimality (Upadhyaya et al., 2024). Showing exponential
stability of (7) is therefore the same as showing linear
convergence of the underlying algorithm. With a coordi-
nate shift (&, Op, Wg) = (& — €5, 0p — 0%, wy — w*) it is
straightforward to show that the error coordinates evolve
with the same state-space description (7a), i.e.,

- (E%@)w ®)

(7a)

Note that o = O — 0* = v — v* (eliminating the
constant offset), so that by Proposition 1 the gradient and
subgradient components of (0,w) satisfy a p-OZF IQC.
With a suitable permutation and stacking of the filters
Wy, ¥y, we can form a compact filter ¥ such that

w2 | e [, )

with 91 k, %2k as in Proposition 1 (with a 2 01, b 2 vy).
Define the augmented plant as the mapping w +— 1,

realized as
U G| » |AB
L | C ’

where [IC’;] denotes the dynamical system arising by ver-
tically concatenating the transfer matrix of G and a static
feedthrough, mapping @ — [2]. Then the following con-
vergence theorem holds.

Theorem 2. Take p € (0,1), and filters ¥y, ¥y that satisfy

Proposition 1 with m = m,L = L. Form the augmented
plant (10). If there exist P > 0 and filter coefficients of
Uy, WUy such that the matrix inequality

[ATPA — p?P ATPB] [CT] [M 0

(10)

BTPA BTPB| T |DT]|0 M] [ D] =0

11)

holds, then (7) is exponentially stable with rate p, i.e.,
gk — €1l < Vip p" 160 — €711 (12)

The proof comes as a straightforward extension of (Lessard
et al., 2016, Theorem 4) to the two-operator case, which
particularly exploits the positivity constraint (6). Eq. (11)
is independent of the problem dimension p, and can be
used to determine the minimum worst-case convergence
rate p via bisection. Note that Theorem 2 recovers (Nishi-
hara et al., 2015, Theorem 6) for n = 0.

3. A-ADMM AS A DYNAMICAL SYSTEM

Building on the previous derivations, we now formulate
the A-ADMM (2)-(3) as a Lur’e system (7). In line with
Nishihara et al. (2015), we introduce the coordinate change
r = Axy, s = Bzi. Moreover, define

f=foA"", §=goB +Tms, (13)
where BT is a left-inverse of B and Zi, g is the indicator

of the image of B. It is straightforward to verify that
g € Sp(0,00) and f € Sp(1h, L) with

m= gty L= gty (14)
Accordingly, we define the condition number of the prob-
lem as kK = # = kiKY,

Consequently, the updates (2a), (2b), (3a) can be rewritten
as

Thp1 = A arg rrelﬁg}l? fr) + ﬁ [ ———
(15a)
2p41 = Blarg ?61]%1113 g(s) + ﬁ largs1— (15b)
(1 —a)dp + s — ac+ Mg |?
S =Sk + VQ(Sk — Sk—l)- (15C)
Using the definition of the proximal operator

. 1
prox; (=) i= arg min f(z) + 5 [lo — 2|12,



we can summarize the A-ADMM in transformed coordi-
nates compactly as

Thil = proxylf(c — & — 5\1@) (16a)
Spi1 = proxl,lg(ozc —argy1 — (@ —1)8 — Xk) (16Db)
Aet1 = argper + (o — 1)dg + 81 — ac+ Ay, (16¢)

with 81, A as in (15¢), (3b). Next, we bring the recursion
(16) into the form (7).

Proposition 3. Define the state &, = [A,Ll s,ll /\; sz]
T .
output v, £ [T,L_l S,L_l] , offset 7 £ [—cT 0] T, and input

~ T R
wy £ [Vf(res1)T 70| for any v, € 0g(sp41). Then
the sequences &, wg, and ¥ = v + U generated by the
A-ADMM recursion (16) satisfy (7) with the matrices

T

)

0 0 1 0
A 0 0 0 1
A= 0 0 0 0o |
—va(a—1) —vp (a—=1)(1+12) 1+ 15
é _ Vo Vo —(1 + VQ) —(1 + Vg)
—w(a—1) —vy (a—1)1+wr) 1+vs )’
0 O
B=| 0 0] p_ (V1 0 )
0 —un avy —vi
arvy —UVyp

(17)

Proof. Apply the first-order optimality condition to the
rr4+1 and sgyq1 updates (16a)-(16b)

0 =11V f(rep1) + res1 — ¢+ 8 + Ar,

0 € 1109(Skt1) + Sks1 — aC+ arppr + (@ — 1) + M.
(18b)

Take some v, € 9§(Sk+1), solve for rr1 and sp41, and
plug them into the dual update Agy1 to get

(18a)

Thi1 = —8k — Ak + ¢ — 1V f(res), (19a)
Sp+1 = Sk + (a— 1)5\;c + 041/1Vf(rk+1) — 17k, (19b)
Ak+1 = —V17k- (19¢)

Now plug in the definitions of ék,j\k and observe that
Sk+1, Mk+1, and rg41 — ¢ can all be written as linear
combinations of the state & and input wyg. It is then
straightforward to bring £x41 and 9y, into the matrix form
(7). O

Theorem 2 together with Proposition 3 provides a numer-
ical tool to certify upper bounds on the worst-case conver-
gence rate of A-ADMM. Next, we explore the influence of
acceleration and the algorithm parameters on these rates.

4. PARAMETER SELECTION

We investigate different parameter selection heuristics
for 1 and v,. As initial heuristics, we adopt the same
parameter tuning schemes of AGMs. Next, we perform a
grid search to identify potentially superior configurations.
As a baseline for comparison, we use a vanilla ADMM
instance with the parameter v tuned according to the
optimal choice in the strongly convex and smooth setting
characterized by Giselsson and Boyd (2017).

Table 2. AGM-inspired tuning of A-ADMM,
where p:=1—1//k.

Method %1 Vo
L VitV
™ 1tp -
L 2—p
-0
P L
1 ol

a2 08 | o A-ADMM (7 = 0)
s - ©- A-ADMM (7 =1)
0.6 e el - - A-ADMM (7 = 4)
L_® Opt. p of NM method.
d I ! |
10° 10t k10 103

Fig. 1. Comparison of p values and influence of O’Shea-
Zames-Falb order for A-ADMM with NM tuning,.

4.1 AGM-inspired Parameters

Since Nesterov-inspired (NM) tuning (cf. Table 2) is a
standard benchmark among AGMs and has proven effec-
tive for quadratic ADMM problems (Patrinos et al., 2014),
it is also a natural candidate for the strongly-convex-
smooth ADMM. We use the machinery developed in the
previous sections to numerically verify the convergence
rates p for this choice of (v1,12). By bisection, we find
the smallest p rendering (11) feasible and plot its value as

a function of the condition number & = L/m?2.

The resulting convergence rate curve is reported in Fig. 1.
To highlight the role of dynamic IQC multipliers, we plot
the curve resulting from different choices of the OZF
order n. We emphasize that the choice of a sector IQC
(7 = 0) is not sufficient to certify convergence for all
condition numbers k. This observation is consistent with
AGMs (Lessard et al., 2016). Increasing the OZF order to
n = 4 improves the rate substantially, which then closely

tracks the classical NM rate p = /1 — 7v2';_1 (Safavi

et al., 2018). The rate is matched for condition ratios larger
than k ~ 10; with deviations for low « that are also typical
of vanilla ADMM (Nishihara et al., 2015).

Our framework also allows us to seamlessly evaluate alter-
native parameters. For instance, since the Triple Momen-
tum (TM) algorithm (Van Scoy et al., 2018) is known to
outperform NM in the standard strongly-convex-smooth
setting, we also investigate its application to A-ADMM.
The comparison curves for vanilla ADMM, and A-ADMM
with NM- and TM-tuning (cf. Table 2) are reported in
Fig. 3. We observe that while TM parameters offer ad-
vantages in certain k regimes, the certified rate exceeds
one for high condition numbers, even with high-order OZF
multipliers. Thus, this configuration does not yet provide
a globally certified improvement over the NM scheme in
the ADMM setting.

4.2 Grid Search Results

Next, we perform a grid search to identify optimal (v1, vs)
configurations. For each x, we set up a fixed grid from

2 Code for all experiments can be found on
https://github.com/col-tasas/2025-accelerated-admm
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Fig. 3. Comparison of optimal p values for ADMM and
A-ADMM with different parameter configurations.

which (v1,v9) is selected as the pair minimizing p via
bisection on Theorem 2. The procedure is repeated for the
over-relaxed version (OR-A-ADMM) with an additional
grid over a € (0, 4].

Fig. 2 shows the results for 11 and v5. Applying symbolic
regression (Cranmer, 2023) reveals that 11 and v, can be

approximated by
ve = 0.27/log(k),

N 2.26
e log(x + 5.49)°
VOR VPR %~ 0.079 Vk,
for the nominal and over-relaxed settings, respectively.
The over-relaxation parameter o was found to be optimal
for a =~ 1.45 across all condition numbers.

= U,

Fig. 3 displays the resulting convergence rates obtained
from the grid search, in the context of the vanilla and
accelerated schemes. By design, A-ADMM with GS pa-
rameters gives the best linear convergence rate among all
settings. Fig. 4 complements the results with the over-
relaxed variants. We observe that the over-relaxed ver-
sions consistently improve upon their non-over-relaxed
counterparts across the full range of condition numbers.
Combining over-relaxation with the GS-tuned acceleration
yields the fastest certified linear convergence rate among
all configurations considered in this work.

5. CASE STUDY

We test the A-ADMM schemes designed based on the
theoretical analyses in the previous section on the #;-
regularized least-squares problem, also known as LASSO
regression, and compare them with available benchmark
algorithms (Boyd et al., 2011). We consider the problem

1
09
.&g/g.':__:?vt 3
FaRY) ol
0.8 e e
." o »
./' /’(:/.,
& 06 o o
[ 4
,\’n,d/ - ©- ADMM
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0.2 [] | T T
10° 10" k10 10°

Fig. 4. Comparison of optimal p values for nominal and
over-relaxed ADMM versions.

Table 3. Average iterations to reach Ay < 104
over 200 random LASSO instances.

Method Average iterations
ADMM 197.66
OR-ADMM 163.63
A-ADMM (NM) 137.30
FISTA 136.71
A-ADMM (GS) 108.03
OR-A-ADMM (GS) 98.77

. 1 2
min o gllFr = bz + 7l
st. =z, (20)

where F € R690x500 jg chosen as a full rank matrix with
entries that are first sampled from an isotropic Gaussian
distribution A(0, 1), whose columns are then normalized.
The vector b is generated as b = Fuw® + ¢, where w° €
R5% is chosen sparse, containing 250 non-zeros drawn
from N (0,1) and & ~ N(0,1073I500). The regularization
parameter 7 > 0 is set to 7 = 1. Problem (20) fits (1),
where the first term is m-strongly convex and L-smooth
with m = ¢2(F) and L = 62(F).

Applying the accelerated over-relaxed ADMM results in
Tt = M FTF + 1)} (—2k e ylFTb) ., (21a)

Zk+1 = Sriy (—a Tp1 — (0 —1)2, — 5%) , (21b)

Ak+1 = @ Tg41 + (1 — a) 2k — 241 + S\k, (21C)

with 2, and Ay as in (3), and S;,, being the soft-
thresholding operator, which is (element-wise) defined as

(87, ()], = sign(y:) max(ly:| — 701,0). (22
The convergence is assessed through the normalized iterate
error

_ e =2

Ak = (23)

lwo — 22"
where z* is the solution of (20).

Specifically, we compare A-ADMM using NM and GS pa-
rameter selections against the widely used LASSO bench-
mark solver FISTA (Beck and Teboulle, 2009) and the
non-accelerated baselines ADMM and OR-ADMM. The
iterate error computed on one random instance of (20)
is shown in Fig. 5, while Table 3 summarizes the average
number of iterations required to reach Ay < 10~* over 200
random instances.

Both Fig. 5 and Table 3 show that the performance of
the A-ADMM methods differs profoundly based on their
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parameter selection. We also observe that the accelerated
versions improve the convergence speed substantially over
the vanilla baselines. Finally, OR-A-ADMM with GS tun-
ing consistently outperforms all other methods. Notably,
the ordering of algorithms evaluated on the empirical
performance and evaluated on the worst-case convergence
rates (cf. Fig. 4) stays the same, suggesting that the worst-
case convergence rate is a suitable metric for algorithm
comparison.
6. CONCLUSIONS

This paper extended the IQC-based algorithm analy-
sis framework to certify worst-case linear convergence
rates of A-ADMM for any choice of the algorithm pa-
rameters, thereby enabling a systematic investigation of
A-ADMM performance under different parameter selec-
tions. We showed that dynamic O’Shea-Zames-Falb mul-
tipliers are essential to certify convergence in the accel-
erated setting. We further proposed different parameter
tunings and showed that the additional momentum pa-
rameters allow A-ADMM to outperform vanilla ADMM.
The fastest configuration, in terms of both certified con-
vergence rate and empirical performance, was found using
a grid search over the parameter space, giving the fastest
version of A-ADMM in the strongly-convex-smooth set-
ting. Future work could focus on closed-form character-
izations of the optimal A-ADMM parameters and on a
systematic A-ADMM synthesis procedure.
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