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Abstract— This article proposes an approach to design
output-feedback controllers for unknown continuous-time
linear time-invariant systems using only input-output data
from a single experiment. To address the lack of state
and derivative measurements, we introduce non-minimal
realizations whose states can be observed by filtering
the available data. We first apply this concept to the
disturbance-free case, formulating linear matrix inequali-
ties (LMIs) from batches of sampled signals to design a
dynamic, filter-based stabilizing controller. The framework
is then extended to the problem of asymptotic tracking and
disturbance rejection—in short, output regulation—by in-
corporating an internal model based on prior knowledge of
the disturbance/reference frequencies. Finally, we discuss
tuning strategies for a class of multi-input multi-output
systems and illustrate the method via numerical examples.

Index Terms— Data-driven control, output regulation, lin-
ear systems, linear matrix inequalities, uncertain systems.

I. INTRODUCTION

DATA-DRIVEN methods are rapidly emerging as a central
paradigm in automatic control. Learning controllers from

data is crucial for systems with uncertain or unavailable
models, and has become increasingly practical thanks to recent
advances in computational power and optimization techniques.
While this shift is now accelerating, its roots trace back several
decades. Some of the earliest and still active research areas that
exploit data for control purposes include system identification
[1] and adaptive control [2]. More recently, reinforcement
learning [3] has gained widespread attention, lying at the
intersection of adaptive and optimal control.

Among data-driven methods, a popular recent approach
involves using linear matrix inequalities (LMIs) to compute
control policies offline directly from a given dataset, without
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any intermediate identification step. Below, we provide an
overview of key contributions in this area.

Direct Data-Driven Control via LMIs: An influential contri-
bution for discrete-time linear time-invariant (LTI) systems
is [4], which formulates LMIs where the model is replaced
by a batch of data, leveraging state-space results inspired by
Willems et al.’s fundamental lemma [5]. Another key work
in this setting is [6], which introduces the framework of data
informativity. Alternative LMIs that account for noisy data rely
on tools such as the matrix S-lemma [7] or Petersen’s lemma
[8], where the latter is also applied to bilinear systems. Most
related literature focuses on discrete-time systems. Recent
developments in discrete time are dedicated, e.g., to the linear
quadratic regulator problem [9], time-varying systems [10],
and multi-input multi-output (MIMO) systems [11], [12].

In contrast, the theory for continuous-time systems remains
less developed. Extensions of the fundamental lemma [13],
[14] have emerged only recently. From a design perspective,
LMIs can still be constructed from batches of sampled data.
These methods have been explored in various settings, e.g.,
linear [4], [8], [15], switched [16], and polynomial systems
[17], whereas [18] studied the impact of sampling continuous-
time signals on informativity. In [19], the authors deal with
output regulation, a longstanding problem combining asymp-
totic disturbance rejection and reference tracking [20], [21].
Notably, all cited works are limited to the state-feedback case
and assume access to state derivatives. This requirement is
impractical due to noise sensitivity and poses major challenges
for output-feedback design, which would involve multiple
differentiations. In the state-feedback case, the only derivative-
free approaches rely on processing state and input signals
via integrals [22], orthogonal polynomial bases [23], or more
general linear functionals [24]. To the best of the authors’
knowledge, the only work addressing derivative-free output-
feedback control is [25], which employs linear filters of the
input and output signals in both the state-feedback and single-
input single-output (SISO) output-feedback settings.

Filters and Non-Minimal Realizations: The filters in [25] are
not to be confused with signal processing tools. Rather, they
define the observer dynamics of a non-minimal realization
of the plant. Non-minimal realizations have a longstanding
role in the control literature, and the filters used in [25] date
back to classical schemes for adaptive identification [26] and
adaptive observer design [27]. Similar filters have also played
a central role in model reference adaptive control [28], and
more recently in output-feedback policy and value iteration
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methods [29]. Their connection with non-minimal realizations
is well established [30, Ch. 4], although the classical analysis
is based on transfer function or transfer matrix arguments.

Article Contribution: This article proposes a data-driven con-
trol framework for continuous-time LTI systems based on non-
minimal realizations. Building on the state-space approach of
[25], we address the stabilization and output regulation prob-
lems in a general MIMO setting, without state or derivative
measurements. In particular, we adopt a perspective related to
nonlinear Luenberger observers [31], [32], where the initial
approach of [33] is extended to the nonlinear case by using
output filters that reconstruct a higher-dimensional system
with contracting error dynamics. Similarly, our framework
lifts the original plant onto a higher-dimensional, input-output
equivalent system that is fully user-defined except for the
output equation, which contains all uncertainties. This class
of non-minimal realizations is inspired by the canonical pa-
rameterizations of internal models in output regulation [20],
and we accordingly refer to them as canonical non-minimal
realizations. The contributions of this article are as follows:

1): We present a direct data-driven algorithm that computes
a stabilizing output-feedback controller for MIMO systems
from an input-output trajectory collected in a single exper-
iment, without any need for the derivatives of the signals.
Assuming a canonical non-minimal realization is available, the
procedure involves filtering the trajectory and using batches of
sampled data to define an LMI akin to those first introduced
in [19]. From the gains computed with the LMI, we obtain a
dynamic, observer-based controller.

2): We extend the above method to the case of output
regulation, where the plant and the available trajectory are
both affected by an unknown disturbance assumed to be a
sum of constants and sinusoids with known frequencies. Our
approach integrates the previous filters with an internal model
unit and solves an LMI to design an observer-based regulator.

3): We show how to construct a canonical non-minimal
realization for any MIMO system with uniform observability
index across all outputs. Furthermore, we prove that, under
informative data, the observability index can be directly esti-
mated from the given input-output trajectory. The centrality of
observability indices for MIMO data-driven control has been
recognized and exploited in the discrete-time literature [11],
[12]. Similarly, this article develops notions in continuous time
for the special case of uniform observability index.

Article Organization: In Section II, we state the data-driven
control problems addressed in this article. In Section III,
we introduce the canonical non-minimal realizations. Then,
Sections IV and V describe the algorithms for data-driven
stabilization and output regulation, respectively. The design of
canonical non-minimal realizations is presented in Section VI.
Finally, Section VII showcases some numerical examples and
Section VIII concludes the article. Some auxiliary tools and
the more technical proofs are left in the Appendix.

Notation: We use N, R, and C to denote the sets of natural,
real, and complex numbers, while R 𝑗×𝑘 [𝑠] denotes the set of
𝑗 × 𝑘 polynomial matrices with real coefficients. We indicate
with 𝐼 𝑗 the identity matrix of dimension 𝑗 and with 0 𝑗×𝑘 the
zero matrix of dimension 𝑗 × 𝑘 . Also, we denote with col

the column-wise concatenation of vectors and with bdiag the
block-diagonal concatenation of matrices. Given a symmetric
matrix 𝑀 = 𝑀⊤, 𝑀 ≻ 0 (resp. 𝑀 ≺ 0) indicates it is positive
definite (resp. negative definite). We use ⊗ to denote the
Kronecker product of matrices. Finally, for any square matrix
𝑀 , we indicate its spectrum with 𝜎(𝑀).

II. PROBLEM STATEMENT

A. Data-Driven Stabilization
Consider a continuous-time LTI system of the form

¤𝑥 = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥,

(1)

where 𝑥 ∈ R𝑛 is the system state, 𝑢 ∈ R𝑚 is the control input,
𝑦 ∈ R𝑝 is the measured output, while 𝐴 ∈ R𝑛×𝑛, 𝐵 ∈ R𝑛×𝑚,
and 𝐶 ∈ R𝑝×𝑛 are unknown matrices that satisfy the following
assumption, used throughout the article.

Assumption 1. The pair (𝐴, 𝐵) is controllable and the pair
(𝐶, 𝐴) is observable.

Suppose that a single experiment is performed on system
(1) and the resulting input-output data are collected over an
interval of length 𝜏 > 0:

(𝑢(𝑡), 𝑦(𝑡)), ∀𝑡 ∈ [0, 𝜏] . (2)

The first problem that we consider is to find a dynamic, output-
feedback stabilizing controller for system (1) of the form

¤𝜉 = 𝐴c𝜉 + 𝐵c𝑦

𝑢 = 𝐶c𝜉 + 𝐷c𝑦,
(3)

where 𝜉 is the controller state and the matrices 𝐴c, 𝐵c, 𝐶c,
and 𝐷c are designed using solely the dataset (2), without any
intermediate identification step.

B. Data-Driven Output Regulation
We now consider a more general scenario where we also

want to track an output reference and reject a disturbance af-
fecting the plant and the measurements. This problem, known
in the literature as output regulation [20], [21], is modeled by
adding an unknown input 𝑤 ∈ R𝑙 to system (1):

¤𝑥 = 𝐴𝑥 + 𝐵𝑢 + 𝑃𝑤
𝑦 = 𝐶𝑥 +𝑄𝑤,

(4)

where 𝑃 ∈ R𝑛×𝑙 and 𝑄 ∈ R𝑝×𝑙 are unknown matrices and,
as before, 𝐴, 𝐵, and 𝐶 are unknown and satisfy Assumption
1. In system (4), the exogenous input 𝑤 is used to model all
reference and disturbance signals that can be obtained from the
sum of constant signals and sinusoids with known frequencies
but unknown amplitudes and phases. More precisely, we
suppose that 𝑤 is generated by the autonomous exosystem

¤𝑤 = 𝑆𝑤, (5)

where the matrix 𝑆 ∈ R𝑙×𝑙 is known and neutrally stable, i.e.,
its minimal polynomial has simple roots on the imaginary axis.
Note that, even if 𝑆 is known, 𝑤 is not available as the initial
condition 𝑤(0) is unknown.
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To formulate the tracking objective of output regulation, we
follow the setting of [21, §4.3] and suppose that the measured
output 𝑦 in (4) contains 𝑞 ≤ 𝑝 components that we want to
steer to zero. In particular, we let:

𝐶 =

[
𝐶𝑒
𝐶r

]
, 𝑄 =

[
𝑄𝑒
𝑄r

]
(6)

with 𝐶𝑒 ∈ R𝑞×𝑛 and 𝑄𝑒 ∈ R𝑞×𝑙 . Then, we can split 𝑦 as

𝑒 := 𝐶𝑒𝑥 +𝑄𝑒𝑤, 𝑦r := 𝐶r𝑥 +𝑄r𝑤, (7)

where 𝑒 ∈ R𝑞 is the regulated output (to be steered to zero),
while 𝑦r ∈ R𝑝−𝑞 is the residual output, which is used as
auxiliary measurement for output-feedback control design.

For the solvability of the problem, we make the following
assumption, usually referred to as non-resonance condition.

Assumption 2. It holds that

rank
[
𝐴 − 𝑠𝐼𝑛 𝐵

𝐶𝑒 0𝑞×𝑚

]
= 𝑛 + 𝑞, (8)

for all 𝑠 ∈ 𝜎(𝑆).

Loosely speaking, Assumption 2 requires that no transmission
zero of the triple (𝐶𝑒, 𝐴, 𝐵) is also an eigenvalue of 𝑆. It is
well known that Assumption 2 is a necessary condition for the
solvability of the output regulation problem [21, Ch. 4].

Suppose that a single experiment is performed on system
(4), while influenced by exosystem (5), and the resulting input-
output data are collected over an interval of length 𝜏 > 0:

(𝑢(𝑡), 𝑒(𝑡), 𝑦r (𝑡)), ∀𝑡 ∈ [0, 𝜏] . (9)

Note that, compared with the previous case, the data are
affected by the unknown exogenous signal 𝑤(𝑡). Our goal is
to find a dynamic, output-feedback controller of the form

¤𝜉 = 𝐴c𝜉 + 𝐵c

[
𝑒

𝑦r

]
𝑢 = 𝐶c𝜉 + 𝐷c

[
𝑒

𝑦r

]
,

(10)

where 𝜉 is the controller state and the matrices 𝐴c, 𝐵c, 𝐶c,
and 𝐷c are designed, using only the dataset (9) and the prior
knowledge of 𝑆, to ensure the following properties during the
online deployment of (10):
• If 𝑤 = 0, the origin col(𝑥, 𝜉) = 0 is globally exponentially

stable for the feedback interconnection of the plant (4)
and the controller (10).

• For any initial condition of the plant (4), the exosystem
(5), and the controller (10), it holds that

lim
𝑡→∞

𝑒(𝑡) = 0. (11)

III. CANONICAL NON-MINIMAL REALIZATIONS

To develop our data-driven control framework, we introduce
a non-minimal realization of system (1) of the following form:

¤𝜁 = (𝐹 + 𝐿𝐻)𝜁 + 𝐺𝑢
𝑦 = 𝐻𝜁,

(12)

where 𝑢 ∈ R𝑚 and 𝑦 ∈ R𝑝 are the same of (1), 𝜁 ∈ R𝜇, with
𝜇 ≥ 𝑛, is the non-minimal state, 𝐹 ∈ R𝜇×𝜇, 𝐺 ∈ R𝜇×𝑚, and

𝐿 ∈ R𝜇×𝑝 are user-defined matrix gains, while 𝐻 ∈ R𝑝×𝜇 is an
unknown matrix depending on the parameters of (1) according
to the following novel result, which generalizes [25, Lem. 3].

Lemma 1. Let Assumption 1 hold. Suppose that, given the
plant matrices 𝐴, 𝐵, 𝐶, and the design matrices 𝐹, 𝐺, 𝐿, there
exist matrices Π ∈ R𝑛×𝜇 and 𝐻 ∈ R𝑝×𝜇 such that

Π(𝐹 + 𝐿𝐻) = 𝐴Π, Π𝐺 = 𝐵

𝐻 = 𝐶Π.
(13)

Then, Π has full-row rank and the controllable and observable
subsystem of (12) obeys dynamics (1), with state 𝑥 = Π𝜁 .

Proof: We first prove that any solution Π to (13) satisfies
rankΠ = 𝑛. By pre-multiplying by 𝐴 both sides of the equation
Π𝐺 = 𝐵 in (13), we obtain

𝐴𝐵 = 𝐴Π𝐺 = Π(𝐹 + 𝐿𝐻)𝐺. (14)

Repeat this process and stack the resulting vectors to obtain:

Π𝑀 =
[
𝐵 𝐴𝐵 · · · 𝐴𝑛−1𝐵

]
, (15)

where:

𝑀 :=
[
𝐺 (𝐹 + 𝐿𝐻)𝐺 · · · (𝐹 + 𝐿𝐻)𝑛−1𝐺

]
. (16)

Since (𝐴, 𝐵) is controllable by Assumption 1, from (15) we
obtain that rankΠ𝑀 = 𝑛, which implies that rankΠ = 𝑛.

We now focus on system (12). Define[
𝑥𝑜̄
𝑥

]
:=

[
Ξ

Π

]
𝜁, (17)

where Ξ contains 𝜇 − 𝑛 linearly independent rows such that
[ Ξ⊤ Π⊤] is non-singular. From (12) and (13), we obtain

¤𝑥 = Π(𝐹 + 𝐿𝐻)𝜁 + Π𝐺𝑢 = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐻𝜁 = 𝐶Π𝜁 = 𝐶𝑥,

(18)

and, thus, we achieve the following Kalman decomposition:[
¤𝑥𝑜̄
¤𝑥

]
=

[
𝐴𝑜̄ 𝐴×

0𝑛×(𝜇−𝑛) 𝐴

] [
𝑥𝑜̄
𝑥

]
+

[
𝐵𝑜̄
𝐵

]
𝑢

𝑦 =
[

0𝑝×(𝜇−𝑛) 𝐶
] [
𝑥𝑜̄
𝑥

]
,

(19)

for some matrices 𝐴𝑜̄, 𝐴× , 𝐵𝑜̄. The statement follows by
noticing that the 𝑥-subsystem is controllable and observable
by Assumption 1, thus 𝑥𝑜̄ denotes all the unobservable states
of system (12).

We postpone to Section VI the design of 𝐹, 𝐺, and 𝐿 to
ensure the existence of Π and 𝐻 for a class of MIMO systems.

Remark 1. Lemma 1 ensures that the transfer matrices of (1)
and (12) coincide, i.e., 𝐶 (𝑠𝐼𝑛−𝐴)−1𝐵 = 𝐻 (𝑠𝐼𝜇−𝐹−𝐿𝐻)−1𝐺.
This property can be verified directly from (19).

The next result further characterizes the Kalman decomposi-
tion obtained with Lemma 1.

Lemma 2. Under the hypotheses of Lemma 1, it holds that

𝜎(𝐹 + 𝐿𝐻) ⊂ (𝜎(𝐴) ∪ 𝜎(𝐹)). (20)

In particular, the unobservable eigenvalues of 𝐹 + 𝐿𝐻 are
eigenvalues of 𝐹, i.e., 𝜎(𝐴𝑜̄) ⊂ 𝜎(𝐹), with 𝐴𝑜̄ given in (19).
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Proof: From (19), it holds that 𝜎(𝐹 + 𝐿𝐻) = 𝜎(𝐴𝑜̄) ∪
𝜎(𝐴). By [34, Ch. 3, Cor. 4.6], any eigenvalue 𝑠 ∈ 𝜎(𝐴𝑜̄) is
such that there exists a vector 𝑣 ∈ C𝜇, with 𝑣 ≠ 0, satisfying:

(𝐹 + 𝐿𝐻)𝑣 = 𝑠𝑣, 𝐻𝑣 = 0. (21)

Substituting the second equation into the first one, we obtain
𝐹𝑣 = 𝑠𝑣, which proves the statement.

Note that system (12) can be rewritten as

¤𝜁 = 𝐹𝜁 + 𝐺𝑢 + 𝐿𝑦
𝑦 = 𝐻𝜁,

(22)

where the unknown matrix 𝐻 appears only in the output
equation, while the matrices 𝐹, 𝐺, and 𝐿 of the differential
equation are user-defined, thus they are known. If we further
require that 𝐹 is Hurwitz, we finally obtain the following novel
definition, which plays a central role in this article.

Definition 1. Under Assumption 1, system (12) is said to be
a canonical non-minimal realization of the plant (1) if 𝐹, 𝐺,
𝐿, and 𝐻 are such that:
• There exists Π such that Π and 𝐻 solve equation (13).
• 𝐹 is Hurwitz.

Furthermore, the realization is said to be strong if the pair
(𝐹 + 𝐿𝐻, 𝐺) is controllable. It is said to be weak otherwise.

The next result is an immediate consequence of Definition 1.

Corollary 1. Under Assumption 1, let (12) be a canonical
non-minimal realization of the plant (1). Then, the pair (𝐹 +
𝐿𝐻, 𝐺) is stabilizable and the pair (𝐻, 𝐹 + 𝐿𝐻) is detectable.

Proof: Note that the unobservable dynamics of (19),
given by the 𝑥𝑜̄-subsystem, also contain the uncontrollable
dynamics. Thus, stabilizability and detectability follow from
Lemma 2 with 𝐹 Hurwitz.

Remark 2. The previous discussion can be extended to the
scenario with (𝐴, 𝐵) stabilizable and (𝐶, 𝐴) detectable by
defining canonical non-minimal realizations for the control-
lable and observable subsystem of the plant (1). Also, the data-
driven framework of the next sections can be extended with just
additional notational burden to the case with (𝐴, 𝐵) control-
lable and (𝐶, 𝐴) detectable, since the unobservable dynamics
have no influence on the datasets and the controllable and
observable subsystem of (1). On the other hand, if (𝐴, 𝐵) is
only stabilizable, the uncontrollable and observable subsystem
introduces an exponentially decaying unknown disturbance in
our data-driven methodology. This scenario will be addressed
in future work dealing with noisy data.

We now use Definition 1 to solve the data-driven stabiliza-
tion and output regulation problems of Section II.

IV. DATA-DRIVEN STABILIZATION

The approach to solve the stabilization problem of Section
II-A is summarized in Algorithm 1, where we use the dataset
(2) (reported in (23) for convenience) to construct the con-
troller (29). In Fig. 1, we show the closed-loop interconnection
of the plant (1) with the controller. In the following, we illus-
trate the design of Algorithm 1 and its theoretical guarantees.

Algorithm 1 Data-Driven Stabilization
Initialization

Dataset:
(𝑢(𝑡), 𝑦(𝑡)), ∀𝑡 ∈ [0, 𝜏] . (23)

Tuning: 𝐹, 𝐺, 𝐿 such that (12) is a canonical non-minimal
realization of (1); (𝐹0, 𝐺0) as in (35); number of samples
𝑁 ∈ N, 𝑁 ≥ 1, 𝜏s := 𝜏/𝑁 .

Data Batches Construction
Filter of the data: simulate for 𝑡 ∈ [0, 𝜏]:

¤̂𝜁 (𝑡) = 𝐹𝜁 (𝑡) + 𝐺𝑢(𝑡) + 𝐿𝑦(𝑡). (24)

Initialization: 𝜁 (0) = 0 ∈ R𝜇.
Auxiliary Dynamics: simulate for 𝑡 ∈ [0, 𝜏]:

¤𝜒(𝑡) = 𝐹0𝜒(𝑡). (25)

Initialization: 𝜒(0) = 𝐺0 ∈ R𝛿 .
Sampled data batches:

U :=
[
𝑢(0) 𝑢(𝜏s) · · · 𝑢((𝑁 − 1)𝜏s)

]
∈ R𝑚×𝑁

X :=
[
𝜒(0) 𝜒(𝜏s) · · · 𝜒((𝑁 − 1)𝜏s)

]
∈ R𝛿×𝑁

Z :=
[
𝜁 (0) 𝜁 (𝜏s) · · · 𝜁 ((𝑁 − 1)𝜏s)

]
∈ R𝜇×𝑁

¤Z :=
[
¤̂𝜁 (0) ¤̂𝜁 (𝜏s) · · · ¤̂𝜁 ((𝑁 − 1)𝜏s)

]
∈ R𝜇×𝑁 ,

(26)

where ¤̂𝜁 ( 𝑗𝜏s) := 𝐹𝜁 ( 𝑗𝜏s) + 𝐺𝑢( 𝑗𝜏s) + 𝐿𝑦( 𝑗𝜏s).
Stabilizing Gain Computation

LMI: find P ∈ R𝜇×𝜇, Q ∈ R𝑁×𝜇 such that:
P = P⊤ ≻ 0
¤ZQ + Q⊤ ¤Z⊤ ≺ 0[
0𝛿×𝜇
P

]
=

[
X
Z

]
Q.

(27)

Control gain:
𝐾 = UQP−1. (28)

Control Deployment
Control law:

¤𝜉 = (𝐹 + 𝐺𝐾)𝜉 + 𝐿𝑦, 𝑢 = 𝐾𝜉. (29)

Initialization: 𝜉 (0) ∈ R𝜇 arbitrary.

Let Assumption 1 hold, and suppose that 𝐹, 𝐺, and 𝐿

have been designed so that (12) is a canonical non-minimal
realization of (1), with 𝐻 and Π solving (13). Since (12) can
be written as (22), we introduce a replica of its dynamics:

¤̂𝜁 = 𝐹𝜁 + 𝐺𝑢 + 𝐿𝑦, (30)

𝑢
Plant

¤𝑥 = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥

𝑦

Filters
¤̂𝜁 = 𝐹𝜁 +𝐺𝑢 + 𝐿𝑦

𝑢 = 𝐾𝜁

𝜁

Fig. 1. Implementation of the controller (29) designed in Algorithm 1.
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which can be seen as an observer of 𝜁 or, equivalently, a filter
of the input-output data. Note that Π and 𝐻 are not available
for design and are only used for analysis. Define the error

𝜖 := 𝑥 − Π𝜁 . (31)

Using equation (13) and the coordinates (31), the interconnec-
tion of (1) and (30) can be written as follows:[

¤𝜖
¤̂𝜁

]
=

[
𝐴 − Π𝐿𝐶 0𝑛×𝜇
𝐿𝐶 𝐹 + 𝐿𝐻

] [
𝜖

𝜁

]
+

[
0𝑛×𝑚
𝐺

]
𝑢. (32)

Note that, since the pair (𝐹 + 𝐿𝐻, 𝐺) is stabilizable by
Corollary 1, also system (32) is stabilizable thanks to the next
result. The proof is given in Appendix III.

Lemma 3. The minimal polynomial of 𝐴 − Π𝐿𝐶 divides the
minimal polynomial of 𝐹. Thus, 𝐴 − Π𝐿𝐶 is Hurwitz.

Thanks to Lemma 3 and the cascade structure of (32),
we conclude that the interconnection can be stabilized by a
feedback law of the form 𝑢 = 𝐾𝜁 . In our scenario, 𝐾 cannot
be designed via model-based techniques because 𝐹 + 𝐿𝐻,
containing the plant parameters, is unknown. Therefore, in the
following, we compute 𝐾 via data-driven techniques.

Remark 3. The philosophy followed by this article can be
regarded as the data-driven equivalent of classical controllers
based on the interconnection of an observer and a feedback
law using the observer states. To see the parallelism with the
model-based literature, if we let 𝜇 = 𝑛, we obtain that (30)
has the same structure as originally proposed by Luenberger
in [33]. If Π = 𝐼𝑛 (so that 𝜁 = 𝑥), (30) becomes the observer
commonly known in the literature:

¤̂𝑥 = (𝐴 − 𝐿𝐶)𝑥 + 𝐵𝑢 + 𝐿𝑦, (33)

where 𝐴 − 𝐿𝐶 = 𝐹 is Hurwitz. In the data-driven setting,
we rely on canonical non-minimal realizations because (33)
cannot be implemented since 𝐴, 𝐵, and 𝐶 are unknown.

Given the dataset (23), we post-process the input-output
signals by simulating over [0, 𝜏] the filter (24), which we
initialize for simplicity in 𝜁 (0) = 0. By looking at (32), one
may wonder if the signals 𝜁 (𝑡) and ¤̂𝜁 (𝑡) could be used to obtain
a data-based representation of the dynamics to be controlled.
The main obstacle to this idea is that ¤̂𝜁 (𝑡) is affected by 𝜖 (𝑡),
which is unknown because 𝑥(𝑡) and Π in (31) are not available.

However, it turns out that, with some manipulations of (32),
it is possible to replace 𝜖 (𝑡) with a user-generated signal 𝜒(𝑡).
Related ideas can be found in [19] and [25]. To show this
notable feature, let

𝑚𝐹 (𝑠) := 𝑠𝛿 + 𝜃 𝑓 , 𝛿−1𝑠
𝛿−1 + 𝜃 𝑓 ,1𝑠 + 𝜃 𝑓 ,0 (34)

be the minimal polynomial of 𝐹, with degree 𝛿. Then, define

𝐹0 :=


0 1 · · · 0
...

. . .
...

0 0 · · · 1
−𝜃 𝑓 ,0 −𝜃 𝑓 ,1 · · · −𝜃 𝑓 , 𝛿−1


, 𝐺0 :=


0
...

0
𝜔 𝑓


, (35)

with 𝜔 𝑓 ≠ 0 arbitrary. We now exploit the fact that, by Lemma
3 and the construction of 𝐹0 in (35), 𝐿𝐶𝜖 (𝑡) can be expressed

as a linear combination of the entries of 𝑒𝐹0𝑡 . We obtain the
following result, whose proof is given in Appendix III.

Lemma 4. Consider system (32). There exists a matrix 𝐷 ∈
R𝜇×𝛿 such that 𝐿𝐶𝜖 (𝑡) = 𝐷𝜒(𝑡) for all 𝑡 ∈ [0, 𝜏], where 𝜖 (𝑡)
is the solution of ¤𝜖 (𝑡) = (𝐴 − Π𝐿𝐶)𝜖 (𝑡), with 𝜖 (0) = 𝑥(0),
and 𝜒(𝑡) is the solution of ¤𝜒(𝑡) = 𝐹0𝜒(𝑡), with 𝜒(0) = 𝐺0.

Given Lemma 4 and system (32), we can combine the
simulations of (24) and (25) to obtain that the dataset (23)
and the simulated trajectories satisfy, for 𝑡 ∈ [0, 𝜏],[
¤𝜒(𝑡)
¤̂𝜁 (𝑡)

]
=

[
𝐹0 0𝛿×𝜇
𝐷 𝐹 + 𝐿𝐻

] [
𝜒(𝑡)
𝜁 (𝑡)

]
+

[
0𝛿×𝑚
𝐺

]
𝑢(𝑡),

[
𝜒(0)
𝜁 (0)

]
=

[
𝐺0
0

]
(36)

where the signals (𝜒(𝑡), 𝜁 (𝑡)), the derivative ¤̂𝜁 (𝑡) (computed
from the right-hand side of (24) as 𝐹𝜁 (𝑡) + 𝐺𝑢(𝑡) + 𝐿𝑦(𝑡)),
and the input 𝑢(𝑡) are available for measurement.

As a consequence, following the data-driven approaches
for continuous-time systems [25], we construct data batches
of the form (26) by sampling the continuous-time signals
at 𝑁 distinct time instants. In Algorithm 1, we choose to
sample with constant sampling time 𝜏s only for simplicity,
and non-uniform sampling could also be employed. Note that
the informativity properties of the batch may be significantly
affected by the sampling strategy.

Once the batches (26) have been extracted from the
continuous-time signals, we can compute the gain 𝐾 from
the linear matrix inequality (27) and equation (28), similar
to [19]. The resulting stabilizing controller to be deployed
online is (29), which is the combination of the filters (30)
and the feedback gain 𝑢 = 𝐾𝜁 . Again, we remark that this
structure can be seen as the interconnection of an observer
and a feedback based on the observer states. Note that we
denoted the controller state with 𝜉 = 𝜁 to put (29) in the same
form of (3), as described in the problem statement.

The following result provides formal guarantees for the
effectiveness of Algorithm 1. The proof is based on the
arguments found in [4], [19].

Theorem 1. Consider Algorithm 1 and let Assumption 1 hold.
Then:

1) The LMI (27) is feasible if

rank


X
Z
U

 = 𝛿 + 𝜇 + 𝑚. (37)

2) For any solution P, Q of (27), the gain 𝐾 computed
from (28) is such that 𝐹 + 𝐿𝐻 + 𝐺𝐾 is Hurwitz. Thus,
the controller (29) solves the data-driven stabilization
problem of Section II-A.

Proof: 1): Since the pair (𝐹 + 𝐿𝐻, 𝐺) is stabilizable by
Corollary 1, there exist matrices P and 𝐾 such that{

P = P⊤ ≻ 0
(𝐹 + 𝐿𝐻 + 𝐺𝐾)P + P⊤ (𝐹 + 𝐿𝐻 + 𝐺𝐾)⊤ ≺ 0.

(38)

Given any P and 𝐾 satisfying (38), condition (37) implies that
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there exists a matrix M such that [4, Thm. 2], [19, Thm. 2]:
0𝛿×𝜇
𝐼𝜇
𝐾

 =


X
Z
U

M . (39)

Notice that, using (36), we can write
¤Z = 𝐷X + (𝐹 + 𝐿𝐻)Z + 𝐺U . (40)

Using (39) and (40), we obtain the following data-based
representation of the closed-loop matrix:

𝐹 + 𝐿𝐻 + 𝐺𝐾 =
[
𝐹 + 𝐿𝐻 𝐺

] [
Z
U

]
M

= ( ¤Z − 𝐷X)M = ¤ZM .

(41)

Then, combining (38) and (41), we obtain:{
P = P⊤ ≻ 0
¤ZMP + P⊤M⊤ ¤Z⊤ ≺ 0.

(42)

Let Q =MP in (42) and post-multiply both sides of (39) by
P to obtain (27).

2): Suppose that there exist P and Q that satisfy (27). From
the third equation of (27), we obtain that Z† := QP−1 is a
right inverse of Z. Using (40) and Z†, it follows that

𝐹 + 𝐿𝐻 = ( ¤Z − 𝐷X − 𝐺U)Z†. (43)

From (28), (43), and XQ = 0𝛿×𝜇 due to (27), it holds that:

𝐹 + 𝐿𝐻 + 𝐺𝐾 = ( ¤Z − 𝐷X)Z† = ¤ZZ†. (44)

Then, using P = ZQ from the equality in (27), the first
inequality of (27) can be rewritten as

¤ZZ†P + P(Z†)⊤ ¤Z⊤ ≺ 0, (45)

which implies from (44) that 𝐹 + 𝐿𝐻 + 𝐺𝐾 is Hurwitz.
Finally, to show that the controller (29) solves the data-

driven stabilization problem, we rewrite the closed-loop inter-
connection of (1) and (29) using (32) with 𝑢 = 𝐾𝜉:[

¤𝜖
¤𝜉

]
=

[
𝐴 − Π𝐿𝐶 0𝑛×𝜇
𝐿𝐶 𝐹 + 𝐿𝐻 + 𝐺𝐾

] [
𝜖

𝜉

]
. (46)

Since 𝐴 − Π𝐿𝐶 and 𝐹 + 𝐿𝐻 + 𝐺𝐾 are Hurwitz, global
exponential stability of (46) follows from standard results for
cascaded linear systems.

Remark 4. In this section, we have presented an LMI for the
noise-free scenario. Future work will be devoted to formulat-
ing LMIs that address the case where (23) is affected by noise
with bounded energy, similar to [7], [8], and [18]. Also, it
will be worth investigating the impact of the filter gains 𝐹, 𝐺,
𝐿 in case the noise has a bandwidth characterization.

Remark 5. Suppose that the following interval excitation
condition holds:∫ 𝜏

0


𝜒(𝑡)
𝜁 (𝑡)
𝑢(𝑡)



𝜒(𝑡)
𝜁 (𝑡)
𝑢(𝑡)


⊤

d𝑡 ⪰ 𝜅𝐼𝛿+𝜇+𝑚, (47)

for some scalar 𝜅 > 0. Then, under suitable regularity prop-
erties of the signals, the rank condition (37) can be obtained
by choosing 𝜏s sufficiently small (see, e.g., [18, Lemma IV.3]).

Algorithm 2 Data-Driven Output Regulation
Initialization

Dataset:

(𝑢(𝑡), 𝑒(𝑡), 𝑦𝑟 (𝑡)), ∀𝑡 ∈ [0, 𝜏] . (48)

Tuning: 𝐹, 𝐺, 𝐿 such that (12) is a canonical non-minimal
realization of (1), with 𝐿 = [𝐿𝑒 𝐿r], 𝐿𝑒 ∈ R𝜇×𝑞 , and 𝐿r ∈
R𝜇×(𝑝−𝑞) ; (𝐹0, 𝐺0) as in (35); (𝑆0, Γ0) as in (57); number
of samples 𝑁 ∈ N, 𝑁 ≥ 1, 𝜏s := 𝜏/𝑁 .

Data Batches Construction
Filter of the data and internal model: simulate for 𝑡 ∈ [0, 𝜏]:

¤̂𝜁 (𝑡) = 𝐹𝜁 (𝑡) + 𝐺𝑢(𝑡) + 𝐿𝑒𝑒(𝑡) + 𝐿r𝑦r (𝑡), (49)

¤𝜂(𝑡) = Φ𝜂(𝑡) + Γ𝑒(𝑡). (50)

Initialization: 𝜁 (0) = 0 ∈ R𝜇, 𝜂(0) = 0 ∈ R𝑑𝑞 .
Auxiliary dynamics: simulate for 𝑡 ∈ [0, 𝜏]:

¤𝜒(𝑡) =
[
𝑆0 0𝑑×𝛿

0𝛿×𝑑 𝐹0

]
𝜒(𝑡). (51)

Initialization: 𝜒(0) = col(Γ0, 𝐺0) ∈ R𝑑+𝛿 .
Sampled data batches:

U :=
[
𝑢(0) 𝑢(𝜏s) · · · 𝑢((𝑁 − 1)𝜏s)

]
∈ R𝑚×𝑁

X :=
[
𝜒(0) 𝜒(𝜏s) · · · 𝜒((𝑁 − 1)𝜏s)

]
∈ R(𝑑+𝛿 )×𝑁

Z :=

[
𝜁 (0) 𝜁 (𝜏s) · · · 𝜁 ((𝑁 − 1)𝜏s)
𝜂(0) 𝜂(𝜏s) · · · 𝜂((𝑁 − 1)𝜏s)

]
∈R(𝜇+𝑑𝑞)×𝑁

¤Z :=

[
¤̂𝜁 (0) ¤̂𝜁 (𝜏s) · · · ¤̂𝜁 ((𝑁 − 1)𝜏s)
¤𝜂(0) ¤𝜂(𝜏s) · · · ¤𝜂((𝑁 − 1)𝜏s)

]
∈R(𝜇+𝑑𝑞)×𝑁 ,

(52)

where ¤̂𝜁 ( 𝑗𝜏s) := 𝐹𝜁 ( 𝑗𝜏s) + 𝐺𝑢( 𝑗𝜏s) + 𝐿𝑒𝑒( 𝑗𝜏s) + 𝐿r𝑦r ( 𝑗𝜏s)
and ¤𝜂( 𝑗𝜏s) := Φ𝜂( 𝑗𝜏s) + Γ𝑒( 𝑗𝜏s).

Stabilizing Gain Computation
LMI: find P ∈ R(𝜇+𝑑𝑞)×(𝜇+𝑑𝑞) , Q ∈ R𝑁×(𝜇+𝑑𝑞) such that:

P = P⊤ ≻ 0
¤ZQ + Q⊤ ¤Z⊤ ≺ 0[
0(𝑑+𝛿 )×(𝜇+𝑑𝑞)

P

]
=

[
X
Z

]
Q.

(53)

Control gain:

𝐾 =
[
𝐾𝜁 𝐾𝜂

]
= UQP−1, 𝐾𝜁 ∈R𝑚×𝜇, 𝐾𝜂 ∈R𝑚×𝑑𝑞 . (54)

Control Deployment
Control law:

¤𝜉 =
[
𝐹+𝐺𝐾𝜁 𝐺𝐾𝜂
0𝑑𝑞×𝜇 Φ

]
𝜉 +

[
𝐿𝑒 𝐿r
Γ 0𝑑𝑞×(𝑝−𝑞)

] [
𝑒

𝑦r

]
, 𝑢 = 𝐾𝜉.

(55)
Initialization: 𝜉 (0) ∈ R𝜇+𝑑𝑞 arbitrary.

V. DATA-DRIVEN OUTPUT REGULATION

The data-driven output regulation problem of Section II-
B is solved in this section by Algorithm 2, which uses the
dataset (9) (rewritten in (48) for convenience) to design the
controller (55). We refer to Figure 2 for a depiction of the
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𝑢
Plant

¤𝑥 = 𝐴𝑥 + 𝐵𝑢 + 𝑃𝑤
𝑒 = 𝐶𝑒𝑥 +𝑄𝑒𝑤
𝑦 = 𝐶𝑥 +𝑄𝑤

𝑒

𝑦

Filters
¤̂𝜁 = 𝐹𝜁 +𝐺𝑢 + 𝐿𝑦

Internal model
¤𝜂 = Φ𝜂 + Γ𝑒

𝜂𝜁

𝑢 = 𝐾

[
𝜁

𝜂

]

Exosystem
¤𝑤 = 𝑆𝑤

𝑤

Fig. 2. Implementation of the controller (55) designed in Algorithm 2.

interconnection of the controller with the plant (4) and the
exosystem (5). Below, we illustrate the derivation of Algorithm
2 and its theoretical guarantees under Assumptions 1 and 2.

Following the classical literature of output regulation [20],
[21], [35], the problem of Section II-B is solved by a controller
that embeds an internal model unit. In particular, let

𝑚𝑆 (𝑠) := 𝑠𝑑 + 𝜃𝑠,𝑑−1𝑠
𝑑−1 + . . . + 𝜃𝑠,1𝑠 + 𝜃𝑠,0 (56)

be the minimal polynomial of 𝑆. Then, define:

Φ := 𝐼𝑞⊗


0 1 · · · 0
...

. . .
...

0 0 · · · 1
−𝜃𝑠,0 −𝜃𝑠,1 · · · −𝜃𝑠,𝑑−1

︸                                  ︷︷                                  ︸
=:𝑆0

, Γ := 𝐼𝑞⊗


0
...

0
𝜔𝑠

︸︷︷︸
=:Γ0

, (57)

where 𝜔𝑠 ≠ 0 is a scalar tuning gain. A post-processing
internal model is the following system:

¤𝜂 = Φ𝜂 + Γ𝑒, (58)

where 𝜂 ∈ R𝑑𝑞 . Under Assumptions 1 and 2, by [21, Lem.
4.2], the augmented plant[

¤𝑥
¤𝜂

]
=

[
𝐴 0𝑛×𝑑𝑞

Γ𝐶𝑒 Φ

] [
𝑥

𝜂

]
+

[
𝐵

0𝑑𝑞×𝑚

]
𝑢 +

[
𝑃

Γ𝑄𝑒

]
𝑤

𝑦a =

[
𝐶 0𝑝×𝑑𝑞

0𝑑𝑞×𝑛 𝐼𝑑𝑞

] [
𝑥

𝜂

]
+

[
𝑄

0𝑑𝑞×𝑙

]
𝑤,

(59)

can be stabilized via output feedback when 𝑤 = 0. Let
¤𝜉s = 𝐴s𝜉s + 𝐵s𝑦a

𝑢 = 𝐶s𝜉s + 𝐷s𝑦a
(60)

be a controller that makes the origin (𝑥, 𝜂, 𝜉s) = 0 of the
interconnection (59), (60) asymptotically stable when 𝑤 = 0.
Then, it is known that the output regulation problem as stated
in Section II-B is solved by a controller that combines (58) and
(60) [21, Prop. 4.3]. Therefore, the remainder of this section
involves extending the stabilization approach of Section IV to
the construction of (60).

Remark 6. We give an intuition on how the approach is solved
via [21, Prop. 4.3]. Given the properties of the stabilizer (60),
the closed-loop interconnection of the plant (4), the exosystem
(5), and the controller (58), (60) has a stable and a center

eigenspace. In particular, for some matrices Σ𝑥 , Σ𝜂 , Σ𝜉 , the
closed-loop solutions satisfy 𝑥(𝑡) → Σ𝑥𝑤(𝑡), 𝜂(𝑡) → Σ𝜂𝑤(𝑡),
𝜉s (𝑡) → Σ𝜉𝑤(𝑡). Then, given the special choice (57) for the
matrices (Φ, Γ) used in the internal model (58), it holds that:

𝐶𝑒Σ𝑥 +𝑄𝑒 = 0, (61)

which implies 𝑒(𝑡) → 𝐶𝑒Σ𝑥𝑤(𝑡) +𝑄𝑒𝑤(𝑡) = 0. Note that this
property holds both for the nominal plant (4) and other values
of 𝐴, 𝐵, 𝐶, 𝑃, 𝑄 such that (60) is still stabilizing. We refer to
[21, Ch. 4], for an in-depth presentation of these topics.

Under Assumption 1, let 𝐹, 𝐺, and 𝐿 be such that (12) is a
canonical non-minimal realization of (1), for some Π and 𝐻

such that the matrix equation (13) holds. Also, let 𝐻𝑒 := 𝐶𝑒Π.
Then, as before, introduce system (30) and the error 𝜖 in (31).
Note that the system to be controlled and from which we
collect the data is (4), which is perturbed by the exogenous
signal 𝑤. In particular, using (31), we can interconnect the
plant (4), the exosystem (5), the filter (30), and the internal
model (58) to obtain the following dynamics:
¤𝑤
¤𝜖
¤̂𝜁
¤𝜂


=


𝑆 0𝑙×𝑛

𝑃−Π𝐿𝑄 𝐴−Π𝐿𝐶 0(𝑙+𝑛)×(𝜇+𝑑𝑞)
𝐿𝑄 𝐿𝐶

Γ𝑄𝑒 Γ𝐶𝑒

𝐹+𝐿𝐻 0𝜇×𝑑𝑞
Γ𝐻𝑒 Φ



𝑤

𝜖

𝜁

𝜂


+


0𝑙×𝑚
0𝑛×𝑚
𝐺

0𝑑𝑞×𝑚


𝑢,

(62)
which have the same structure of (32), with 𝜖 replaced by
col(𝑤, 𝜖) and 𝜁 replaced by col(𝜁, 𝜂).

We now study some structural properties of (62). The first
result is the extension of the non-resonance condition of
Assumption 2 from the original plant (1) to the non-minimal
realization (12).

Lemma 5. Under Assumptions 1 and 2, it holds that

rank
[
𝐹 + 𝐿𝐻 − 𝑠𝐼𝜇 𝐺

𝐻𝑒 0𝑞×𝑚

]
= 𝜇 + 𝑞, (63)

for all 𝑠 ∈ 𝜎(𝑆).

Proof: By Lemma 1, there exists a similarity transforma-
tion 𝑇 such that system (12) is decomposed as in (19). Then,

bdiag(𝑇, 𝐼𝑞)
[
𝐹 + 𝐿𝐻 − 𝑠𝐼𝜇 𝐺

𝐻𝑒 0𝑞×𝑚

]
bdiag(𝑇−1, 𝐼𝑚)

=


𝐴𝑜̄ − 𝑠𝐼𝜇−𝑛 𝐴× 𝐵𝑜̄
0𝑛×(𝜇−𝑛) 𝐴 − 𝑠𝐼𝑛 𝐵

0𝑞×(𝜇−𝑛) 𝐶𝑒 0𝑞×𝑚

 ,
(64)

where 𝐴𝑜̄ is Hurwitz by Lemma 1. The proof follows by
recalling Assumption 2 and noting that rank(𝐴𝑜̄ − 𝑠𝐼𝜇−𝑛) =
𝜇 − 𝑛 for all 𝑠 ∈ 𝜎(𝑆).

An important consequence of Lemma 5 is the following
corollary, whose proof is omitted for brevity as it follows the
same lines of the proof of [21, Lemma 4.2].

Corollary 2. Under Assumptions 1 and 2, let (12) be a weak
(resp. strong) canonical non-minimal realization of (1). Then,
the pair ([

𝐹 + 𝐿𝐻 0𝜇×𝑑𝑞
Γ𝐻𝑒 Φ

]
,

[
𝐺

0𝑑𝑞×𝑚

])
(65)
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is stabilizable (resp. controllable).

Corollary 2 ensures that the stabilizer (60) can be obtained by
combining (30) and a feedback law of the form 𝑢 = 𝐾𝜁 𝜁+𝐾𝜂𝜂.

Therefore, the only remaining step is to design 𝐾 =

[𝐾𝜁 𝐾𝜂] using the available dataset. First, we simulate
the filter and the internal model unit as in (49) and (50),
choosing zero initial conditions for simplicity. Then, to be
able to use (62) for data-driven control, we need to overcome
the limitation that the signals col(𝑤(𝑡), 𝜖 (𝑡)) are not available
for measurement. To this aim, note that the matrix[

𝑆 0𝑙×𝑛
𝑃 − Π𝐿𝑄 𝐴 − Π𝐿𝐶

]
(66)

is such that 𝜎(𝑆) ∩𝜎(𝐴−Π𝐿𝐶) = ∅ due to Lemma 3, which
implies that the Jordan normal form of (66) is block diagonal,
with one block associated with 𝑆 and the other with 𝐴−Π𝐿𝐶.
Thus, we can extend Lemma 4 to ensure that there exists a
matrix 𝐷 such that[

𝐿𝑄 𝐿𝐶

Γ𝑄𝑒 Γ𝐶𝑒

] [
𝑤(𝑡)
𝜖 (𝑡)

]
= 𝐷𝜒(𝑡), (67)

where 𝜒(𝑡) is obtained by simulating (51). The statement of
such result and its proof are omitted for brevity as they are
identical to Lemma 4.

Next, as before, we sample the available continuous-time
signals in 𝑁 distinct time instants (with fixed sampling time
𝜏s for simplicity) to obtain the data batches (52). Finally,
we employ the LMI (53) and equation (54) to compute
the stabilizing gain 𝐾 = [𝐾𝜁 𝐾𝜂]. The overall controller
combining the internal model and the stabilizer is given in
(55), which we report in the same form as (10).

The following result provides the guarantees for Algorithm
2. Its proof is omitted as it is based on Theorem 1 and the
arguments above. See [21, §4.4] for further details.

Theorem 2. Consider Algorithm 2 and let Assumptions 1 and
2 hold. Then:

1) The LMI (53) is feasible if

rank


X
Z
U

 = (𝑑 + 𝛿) + (𝜇 + 𝑑𝑞) + 𝑚. (68)

2) For any solution P, Q of (53), the gain 𝐾 computed
from (54) is such that[

𝐹 + 𝐿𝐻 0𝜇×𝑑𝑞
Γ𝐻𝑒 Φ

]
+

[
𝐺

0𝑑𝑞×𝑚

]
𝐾 (69)

is Hurwitz. Thus, the controller (55) solves the data-
driven output regulation problem of Section II-B.

VI. DESIGN OF CANONICAL NON-MINIMAL
REALIZATIONS

In Sections IV and V, we have shown that data-driven
output-feedback control is feasible as long as 𝐹, 𝐺, 𝐿 are
known such that (12) is a canonical non-minimal realization
of the plant (1), for some output matrix 𝐻. It is therefore
convenient to provide tuning techniques for such matrices. In

this section, we show that the design of 𝐹, 𝐺, and 𝐿 can
be derived from some structural properties of the pair (𝐶, 𝐴).
Furthermore, we illustrate how such properties can be inferred
from input-output data of the form (2), as long as a full-rank
condition similar to (37) holds. We begin by illustrating the
tuning in the two simplified scenarios of [25].

A. State-Feedback Scenario (C = In)
Let Assumption 1 hold. Also, suppose that the order 𝑛 of

system (1) is known and that we have full access to its states,
i.e., 𝑦 = 𝑥. Then, we can assign the matrices of (12) as follows:

𝐹 =

[
−𝜆𝐼𝑛 0𝑛×𝑚
0𝑚×𝑛 −𝜆𝐼𝑚

]
, 𝐺 =

[
0𝑛×𝑚
𝛾𝐼𝑚

]
, 𝐿 =

[
𝛾𝐼𝑛

0𝑚×𝑛

]
, (70)

where 𝜆 > 0 and 𝛾 ≠ 0 are scalar tuning gains.
Using 𝐶 = 𝐼𝑛, we obtain that (13) is solved by

Π = 𝐻 = 𝛾−1 [
𝐴 + 𝜆𝐼𝑛 𝐵

]
, (71)

thus we conclude that (12) with 𝐹, 𝐺, 𝐿 in (70) and 𝐻 in (71)
is a canonical non-minimal realization. Also, note that

𝐹 + 𝐿𝐻 =

[
𝐴 𝐵

0𝑚×𝑛 −𝜆𝐼𝑚

]
, (72)

and we can prove that (𝐹 + 𝐿𝐻, 𝐺) is controllable (i.e., the
realization is strong) because, using the PBH test, the condition

rank
[
𝑠𝐼𝑛 − 𝐴 −𝐵 0𝑛×𝑚
0𝑚×𝑛 𝑠𝐼𝑚 + 𝜆𝐼𝑚 𝛾𝐼𝑚

]
= 𝑛 + 𝑚 (73)

is verified for all 𝑠 ∈ 𝜎(𝐴) ∪ {−𝜆}.
With the choice (70) and recalling that 𝑦 = 𝑥, the filters

used in (24) and (49) become:

¤̂𝜁 = −𝜆𝜁 + 𝛾
[
𝑥

𝑢

]
. (74)

B. SISO Output-Feedback Scenario (m = p = 1)
Suppose again that the order 𝑛 of system (1) is known. Then,

we follow the structure adopted in classical adaptive observer
design (see [27] or “representation 2” of [30, Ch. 4]) by letting

𝐹 =

[
Λ 0𝑛×𝑛

0𝑛×𝑛 Λ

]
, 𝐺 =

[
0𝑛×1
ℓ

]
, 𝐿 =

[
ℓ

0𝑛×1

]
, (75)

where Λ ∈ R𝑛×𝑛 and ℓ ∈ R𝑛 are user-defined tuning gains
such that (Λ, ℓ) is a controllable pair, while Λ is Hurwitz and
has 𝑛 distinct eigenvalues. As stated in the following results,
the tuning (75) implies the existence of a strong canonical
non-minimal realization. We postpone the proofs to Theorems
3 and 4, which generalize these statements.

Proposition 1. Under Assumption 1, the matrices 𝐹, 𝐺, and
𝐿 in (75) are such that there exist matrices Π and 𝐻 solving
equation (13). As a consequence, for some 𝐻, (12) is a
canonical non-minimal realization of system (1).

Proposition 2. Let Assumption 1 hold. Consider 𝐹, 𝐺, 𝐿 as
in (75), and let Π and 𝐻 be solutions to the matrix equation
(13). Then, the pair (𝐹 + 𝐿𝐻, 𝐺) is controllable.

In this scenario, we obtain the following filter structure:

¤̂𝜁 =

[
Λ 0𝑛×𝑛

0𝑛×𝑛 Λ

]
𝜁 +

[
ℓ 0𝑛×1

0𝑛×1 ℓ

] [
𝑦

𝑢

]
. (76)



BOSSO et al.: DATA-DRIVEN CONTROL OF CONTINUOUS-TIME LTI SYSTEMS VIA NON-MINIMAL REALIZATIONS 9

C. MIMO Output-Feedback Scenario
In the previous examples, we have shown that a strong non-

minimal realization can be achieved if the order of the plant
is known. It turns out that the structures in (70) and (75) are
more precisely related to the observability indices of system
(1), for which we briefly recall the basic notions. For further
details, we refer to [34, Ch. 3]. In (1), let

𝐶 =
[
𝑐1 · · · 𝑐𝑝

]⊤
, (77)

and suppose that rank𝐶 = 𝑝, so that 𝑐1, . . . , 𝑐𝑝 ∈ R𝑛 are
linearly independent. Then, consider the following sequence:

𝑐1, . . . , 𝑐𝑝 , 𝐴
⊤𝑐1, . . . , 𝐴

⊤𝑐𝑝 , . . . , (𝐴⊤)𝑛𝑐1, . . . , (𝐴⊤)𝑛𝑐𝑝 (78)

and select, starting from the left and moving to the right, the
first appearing 𝑛 linearly independent vectors (which exist due
to Assumption 1). Such vectors can be reordered as follows:

𝑐1, 𝐴
⊤𝑐1, . . . , (𝐴⊤)𝜈1−1𝑐1, . . . , 𝑐𝑝 , 𝐴

⊤𝑐𝑝 , . . . , (𝐴⊤)𝜈𝑝−1𝑐𝑝 .
(79)

The integers 𝜈1, . . . , 𝜈𝑝 are called the observability indices of
system (1), while 𝜈 := max𝑖 𝜈𝑖 is the observability index of
(1). Note that 𝜈𝑖 ≥ 1 due to rank𝐶 = 𝑝 and, by construction,

𝑝∑︁
𝑖=1

𝜈𝑖 = 𝑛 ≤ 𝜈𝑝. (80)

In the remainder of Section VI-C and in Section VI-D, we
obtain results under the following assumption, which imposes
a uniform observability index across all outputs.

Assumption 3. It holds that 𝜈1 = 𝜈2 = . . . = 𝜈𝑝 = 𝜈.

Assumption 3 covers the previous state-feedback (𝜈𝑖 = 1, for
all 𝑖 ∈ {1, . . . , 𝑛}) and SISO output-feedback (𝜈1 = 𝜈 = 𝑛)
cases. Another relevant example is given by multi-input single-
output (MISO) systems. We also provide MIMO examples in
Section VII. Future work will be dedicated to studying the
general case of arbitrary observability indices.

Under Assumption 3, we obtain the following two theorems,
which generalize and unify the state-feedback and SISO
output-feedback scenarios. Since the proofs are quite lengthy,
they are deferred to Appendix III.

Theorem 3. Let Assumptions 1 and 3 hold. Pick Λ ∈ R𝜈×𝜈

and ℓ ∈ R𝜈 such that (Λ, ℓ) is controllable and Λ is Hurwitz
and has 𝜈 distinct eigenvalues. Choose

𝐹 = 𝐼𝑝+𝑚 ⊗ Λ, 𝐺 =

[
0𝑝𝜈×𝑚
𝐼𝑚 ⊗ ℓ

]
, 𝐿 =

[
𝐼𝑝 ⊗ ℓ
0𝑚𝜈×𝑝

]
. (81)

Then, there exist matrices Π and 𝐻 such that:
• Equation (13) holds.
• 𝐴 − Π𝐿𝐶 is similar to 𝐼𝑝 ⊗ Λ.

As a consequence 𝐹, 𝐺, and 𝐿 are such that (12), for some
𝐻, is a canonical non-minimal realization of (1).

Remark 7. The proof of Theorem 3 involves two steps. First,
using the multivariable observer canonical form (see Appendix
I), we show there exists a linear equation whose solutions are
also solutions to the quadratic equation (13). Then, we exploit
the tuning (81) to decouple the linear equation into elementary
blocks that can be solved via Lemma 7, given in Appendix II.

Theorem 4. Given the assumptions and matrices 𝐹, 𝐺 and 𝐿
of Theorem 3, let Π and 𝐻 be solutions to the matrix equation
(13). Then, the pair (𝐹 + 𝐿𝐻, 𝐺) is controllable.

Remark 8. Also the proof of this result is divided into two
steps. First, we relate the input-output models of (1) and (12)
using Lemma 1 to obtain a rank condition for the polynomial
matrices of (12). Then, we show that this rank condition
implies controllability of (𝐹 + 𝐿𝐻, 𝐺) using the PBH test.

In view of the tuning (81), the systems employed in (24) and
(49) have a structure that generalizes (74) and (76):

¤̂𝜁 =


Λ

. . .

Λ

 𝜁 +

ℓ

. . .

ℓ


[
𝑦

𝑢

]
, (82)

consisting of 𝑝 + 𝑚 parallel asymptotically stable filters of
dimension 𝜈, one for each entry of col(𝑦, 𝑢). This form is
conceptually similar to the internal model (58), which can be
written more explicitly as:

¤𝜂 =


𝑆0

. . .

𝑆0

 𝜂 +

Γ0

. . .

Γ0

 𝑒, (83)

and consists of 𝑞 parallel neutrally stable filters of dimension
𝑑, one for each entry of the regulated output 𝑒.

We also note that the minimal polynomial of 𝐹 coincides
with the characteristic polynomial of Λ, hence we can replace
(25) in Algorithm 1 with

¤𝜒(𝑡) = Λ𝜒(𝑡), 𝜒(0) = ℓ. (84)

Similarly, (51) in Algorithm 2 can be replaced with

¤𝜒(𝑡) =
[
𝑆0 0𝑑×𝜈

0𝜈×𝑑 Λ

]
𝜒(𝑡), 𝜒(0) =

[
Γ0
ℓ

]
. (85)

We refer to Section VII for some tuning examples.

D. Observability Index Estimation
Under Assumption 3, we have seen that a strong canonical

non-minimal realization can be constructed if 𝜈 is known.
However, 𝜈 is usually not available from prior information.
Therefore, we now propose an approach to infer it from
the data. The procedure is summarized in Algorithm 3 and
described below for the data-driven stabilization problem of
Section II-A. A similar procedure can be derived for data-
driven output regulation but is omitted for brevity.

Suppose that a dataset of the form (2) (reported also in (87)
for convenience) is available. Then, given some estimate 𝜈̂ of
𝜈, consider the matrices Λ̂ ∈ R𝜈̂×𝜈̂ and ℓ̂ ∈ R𝜈̂ as in (88), and
use them to replace Λ and ℓ of (81). By Theorem 3, 𝜈̂ = 𝜈

implies the existence of a non-minimal realization. It turns out
that the same holds for any 𝜈̂ ≥ 𝜈 in view of the next lemma,
whose proof is obtained via direct verification.

Lemma 6. Let Π and 𝐻 solve equation (13), for some 𝐴, 𝐵,
𝐶, and 𝐹, 𝐺, 𝐿. Suppose that 𝐹, 𝐺, and 𝐿 are replaced by

𝐹̂ := 𝑇 bdiag(𝐹, 𝐹̃)𝑇−1, 𝐺̂ := 𝑇

[
𝐺

𝐺̃

]
, 𝐿̂ := 𝑇

[
𝐿

𝐿̃

]
, (86)
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Algorithm 3 Observability Index Estimation (Stabilization)
Initialization

Dataset:
(𝑢(𝑡), 𝑦(𝑡)), ∀𝑡 ∈ [0, 𝜏] . (87)

Tuning: scalars 0 < 𝜆1 < . . . < 𝜆𝜈max and 𝛾1 ≠

0, . . . , 𝛾𝜈max ≠ 0, with 𝜈max ∈ N, 𝜈max > 𝜈; number of
samples 𝑁 ∈ N, 𝑁 ≥ 1, 𝜏s := 𝜏/𝑁; initial guess 𝜈̂ = 1.

Index Estimation
while index not found and 𝜈̂ < 𝜈max do

𝜈̂ ← 𝜈̂ + 1
Matrix gains:

Λ̂ := − diag(𝜆1, . . . , 𝜆𝜈̂), ℓ̂ := col(𝛾1, . . . , 𝛾𝜈̂). (88)

Simulation for 𝑡 ∈ [0, 𝜏]:

¤𝜒(𝑡) = Λ̂𝜒(𝑡)
¤̂𝜁 (𝑡) = (𝐼𝑝+𝑚 ⊗ Λ̂)𝜁 (𝑡) + (𝐼𝑝+𝑚 ⊗ ℓ̂)

[
𝑦(𝑡)
𝑢(𝑡)

]
.

(89)

Initialization: 𝜒̂(0) = ℓ̂, 𝜁 (0) = 0𝜈̂ (𝑝+𝑚)×1.
Sampled data batch:

B :=

[
𝜒(0) 𝜒(𝜏s) · · · 𝜒((𝑁 − 1)𝜏s)
𝜁 (0) 𝜁 (𝜏s) · · · 𝜁 ((𝑁 − 1)𝜏s)

]
. (90)

if rankB < 𝜈̂(𝑝 + 𝑚 + 1) then
index found ⊲ Assumes B full rank if 𝜈̂ = 𝜈.

end if
end while
𝜈̂ ← 𝜈̂ − 1 ⊲ Observability index estimate.

with 𝐹̃, 𝐺̃, 𝐿̃ arbitrary matrices and 𝑇 an invertible matrix.
Then, equation (13) is solved by Π̂ := [Π 0𝑛× 𝜇̃]𝑇−1 and
𝐻̂ := 𝐶Π̂ = [𝐻 0𝑝× 𝜇̃]𝑇−1, where 𝜇̃ is the dimension of 𝐹̃.

For a given 𝜈̂, Algorithm 3 involves simulating (89) and
collecting a batch of sampled data of the form (90).

Suppose that, for 𝜈̂ = 𝜈, B has full rank (which is necessary
for (37)). Then, the same is true for 𝜈̂ ∈ {1, . . . , 𝜈}. On the
other hand, the rank is lost for 𝜈̂ ≥ 𝜈 + 1, as stated in the next
result. The proof is quite long and thus given in Appendix III.

Theorem 5. Consider Algorithm 3 and let Assumptions 1 and
3 hold. Then, for all 𝜈̂ ≥ 𝜈 + 1, the data in (90) satisfy:

rankB < 𝜈̂(𝑝 + 𝑚 + 1). (91)

We conclude that the observability index can be computed
by increasing 𝜈̂ from 1 until the rank of B is lost. Note that
the upper bound 𝜈max is only used as stopping criterion in
case the search fails. Also note that, in each iteration, it is
sufficient to simulate only the new filters ¤𝜒𝜈̂ (𝑡) = −𝜆𝜈̂𝜒𝜈̂ (𝑡)
and ¤̂𝜁𝜈̂ (𝑡) = −𝜆𝜈̂𝜁𝜈̂ (𝑡) + 𝛾𝜈̂ col(𝑦(𝑡), 𝑢(𝑡)).

Remark 9. A similar algorithm can be obtained in the data-
driven output regulation setting. In particular, in (89), the
dynamics of 𝜒 are augmented as in (66) and the internal model
(50) is included. A result corresponding to Theorem 5 can then
be obtained by following, mutatis mutandis, the same proof.

VII. NUMERICAL EXAMPLES

To illustrate the approaches of the previous sections, we
present some numerical examples developed in MATLAB. In
particular, Algorithms 1 and 2 have been implemented with
YALMIP [36] and MOSEK [37] to solve the LMIs. The code
is available on GitHub1 and on Zenodo [38].

A. Unstable Batch Reactor Control

We address the data-driven stabilization problem for the
continuous-time linearized model of a batch reactor given in
[39]. The matrices corresponding to system (1) are

𝐴 =


1.38 −0.2077 6.715 −5.676

−0.5814 −4.29 0 0.675
1.067 4.273 −6.654 5.893
0.048 4.273 1.343 −2.104


𝐵 =


0 0

5.679 0
1.136 −3.146
1.136 0


, 𝐶 =

[
1 0 1 −1
0 1 0 0

]
.

(92)

It can be verified that 𝐴, 𝐵, and 𝐶 satisfy Assumptions 1 and
3, with observability index 𝜈 = 2.

First, we acquire a dataset of the form (𝑢(𝑡), 𝑦(𝑡)) by
simulating the system for 𝜏 = 2 s. The applied input 𝑢 is the
sum of 4 sinusoids in both entries, with 8 distinct frequencies.
The initial condition 𝑥(0) is chosen randomly, with each
entry extracted from the uniform distribution 𝑈 (−1, 1). In the
following, we describe a procedure that has been extensively
tested with different initial conditions 𝑥(0).

Given a dataset of the form (2), we run Algorithm 3 with
𝑁 = 50 (so that 𝜏s = 40 ms) and, for each 𝑗 ∈ N with 𝑗 ≥ 1,
𝜆 𝑗 = 𝛾 𝑗 = 𝑗 . For each tested dataset, we obtain 𝜈̂ = 𝜈 = 2.

Next, we design a controller of the form (29) by running
Algorithm 1 with 𝑁 = 50 and 𝐹, 𝐺, and 𝐿 as in (81) with

Λ =

[
−4 0

0 −8

]
, ℓ =

[
1
2

]
. (93)

Also, we use (84) in place of (25). For each randomly gener-
ated dataset, the procedure succeeds in stabilizing the system.
For instance, with 𝑥(0) = [−0.149 0.2225 0.7115 0.3416]⊤,
we obtain the gain

𝐾 =
[ 25.32 −5.22 12.55 19.38 −90.50 49.30 6.60 −18.31

14.10 0.29 15.61 16.68 −81.08 56.43 −3.33 3.95
]
, (94)

which places the eigenvalues of the closed-loop intercon-
nection of (1) and (29) in {−0.90,−1.55 ± 2.83i,−2.11 ±
32.49i,−2.16,−4,−4,−4.26,−8.35,−8,−8}.

Using the same dataset, we also develop a controller with
integral action. In particular, this design corresponds to solving
the output regulation problem with 𝑆 = 0, 𝑝 = 𝑞 = 2, and the
previously acquired output trajectory 𝑦(𝑡) treated as regulated
output 𝑒(𝑡) (i.e., 𝑤(𝑡) = 0). It can be verified that, for the given
plant and exosystem matrices, Assumption 2 holds. Therefore,
we run Algorithm 2 with 𝑁 , Λ, and ℓ as in the previous case,

1https://github.com/IMPACT4Mech/continuous-time_
data-driven_control
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Fig. 3. Simulation run for the batch reactor (control with integral action).

while for the internal model we let 𝑆0 = 0, Γ0 = 5, obtaining
Φ = 02×2 and Γ = 5𝐼2. For each dataset, the procedure
solves the output regulation problem. With the initial condition
𝑥(0) = [−0.149 0.2225 0.7115 0.3416]⊤, we obtain the
gains

𝐾𝜁 =
[ 135.73 −28.24 37.95 89.62 −338.36 169.55 10.63 −47.64

12.71 8.24 19.00 29.49 −116.08 111.06 −3.65 3.84
]

𝐾𝜂 =
[ 8.09 −4.72

2.24 7.50
]
,

(95)

which place the eigenvalues of the interconnection of the plant
and (55) in {−1.20,−2.24±4.02i,−2.43,−2.49±1.84i,−2.78±
96.50i,−4,−4,−4.70,−7.57,−8,−8}. We finally show the reg-
ulation performance of the controller in the closed-loop simu-
lation run of Fig. 3. In particular, we feed the controller with
𝑒 := 𝑦𝑝 − 𝑦★, where 𝑦𝑝 := 𝐶𝑥 = col(𝑦𝑝1, 𝑦𝑝2) is the plant
output and 𝑦★ := col(𝑦★1 , 𝑦

★
2 ) is a piecewise-constant reference.

B. Motion Control of a Surface Vessel
As a second example, we address the output regulation

problem for the surface vessel dynamics given in [40, scenario
B]. The matrices of system (4) are

𝐴=



−0.1 0.012 0.015 0 0 0.01
0.01 −0.0333 −0.05 0 0 −0.014
0.02 0.03 −0.18 0 0 0

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


𝐵=



0 0.03 0.025
0 0.21 −0.2

0.1 0.03 0.02
0 0 0
0 0 0
0 0 0


, 𝑃=



−0.001 0 0.002
0.02 0.01 −0.02

0 0 0
0 0 0

0.1 0 0
0.1 0.1 −0.1


𝐶=


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , 𝑆 =


0 1 0
0 0 1
0 −(𝜋/5)2 0

 ,

(96)

where 𝑆 generates a bias and a sinusoidal term at 𝜋/5 rad/s.
We also suppose that a bias affects the first output, namely:

𝑄 = 2


1 0 (5/𝜋)2
0 0 0
0 0 0

 , (97)

and we let 𝑒 ∈ R2 be the first two components of the output.
Note that Assumptions 1, 2, and 3 hold, with 𝜈 = 2.

0 20 40 60 80 100
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Fig. 4. Simulation run for the surface vessel example.

The dataset (𝑢(𝑡), 𝑒(𝑡), 𝑦𝑟 (𝑡)) is obtained by simulating the
plant for 𝜏 = 35 s. Each input channel is the sum of 4
sinusoids. We let 𝑤(0) = [1 1 1]⊤, while each component
of 𝑥(0) is extracted from the uniform distribution 𝑈 (−1, 1).

In this example, we assume that 𝜈 is already available.
Accordingly, we design a regulator of the form (55) using
Algorithm 2, with 𝑁 = 80 samples and filter matrices 𝐹, 𝐺,
and 𝐿 as in (81) with

Λ =

[
0 1
−2 −2

]
, ℓ =

[
0

1/2

]
, (98)

so that 𝜎(Λ) = {−1 ± i}. Also, the internal model is chosen
with Φ and Γ as in (58), with 𝑆0 = 𝑆 and Γ0 = [0 0 1/10]⊤.
For each random initial condition 𝑥(0), the resulting controller
solves the output regulation. For the dataset generated with
𝑥(0) = [0.7297 −0.7195 0.3143 0.186 0.0267 −0.5108]⊤,
we obtain the following closed-loop system eigenvalues:
{−0.11±0.2i,−0.11±0.76i,−0.15±0.79i,−0.22±0.21i,−0.27±
0.53i,−0.3,−0.31 ± 0.16i,−0.48 ± 1.53i,−0.86,−1 ± 1i,−1 ±
1i,−1 ± 1i,−1.56 ± 316.19i}. Further details can be found at
the linked repository. Also, the regulated output converges to
zero as shown in Fig. 4, obtained by setting random initial
conditions for the plant and the controller, and letting 𝑤(0) =
[1 − 3 0]⊤.

VIII. CONCLUSION

We presented a data-driven control framework for
continuous-time LTI systems based on canonical non-minimal
realizations. The approach was applied to the stabilization and
output regulation of MIMO systems. We also proposed tuning
strategies for the realizations under Assumption 3, requiring
a uniform observability index across all outputs. Several
research directions arise from this work. First, future efforts
will address robustness to noise, building on techniques such
as [7], [8]. While we make here the important assumption of
noise-free data, we observe that this is a standard simplifying
assumption in the emerging research field of continuous-time
data-driven control [14], [19], [23], [24]. Another direction is
to extend the framework to general MIMO systems by relaxing
Assumption 3. In this regard, the methods in [11], [12] sug-
gest promising developments for the non-minimal realization
framework. A further research direction will be to investigate
real-time implementation of the proposed methodology as
a data-driven adaptive control technique. Finally, it will be
valuable to explore extensions of the framework to nonlinear
systems by addressing, e.g., the data-driven output-feedback
stabilization of Lur’e systems.
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APPENDIX I
MULTIVARIABLE OBSERVER CANONICAL FORM

Consider system (1) and suppose that (𝐶, 𝐴) is observable
and rank𝐶 = 𝑝. Let 𝜈1, . . . , 𝜈𝑝 be the observability indices
of the system and define 𝜈𝑖 𝑗 := min{𝜈𝑖 , 𝜈 𝑗 }, for 𝑖 ≠ 𝑗 . Then,
there exists a similarity transformation 𝑇𝑜 that puts (1) in the
observer canonical form [34, Ch. 3], [41]:

𝑇𝑜𝐴𝑇
−1
𝑜 = 𝐴𝑜 :=


𝐴11 · · · 𝐴1𝑝
...

...

𝐴𝑝1 · · · 𝐴𝑝𝑝

 , 𝑇𝑜𝐵 = 𝐵𝑜

𝐶𝑇−1
𝑜 = 𝐶𝑜 :=

[
𝐶1 · · · 𝐶𝑝

]
,

(99)

where 𝐵𝑜 has no particular form, while

𝐴𝑖𝑖 :=

[
01×(𝜈𝑖−1)
𝐼𝜈𝑖−1

𝛼𝑖𝑖

]
∈R𝜈𝑖×𝜈𝑖, 𝑖 ∈ {1, . . . , 𝑝}

𝐴𝑖 𝑗 :=

[
0𝜈𝑖×(𝜈 𝑗−1)

𝛼𝑖 𝑗
0(𝜈𝑖−𝜈𝑖 𝑗 )×1

]
∈R𝜈𝑖×𝜈 𝑗, 𝑖, 𝑗 ∈ {1, . . . , 𝑝}, 𝑖 ≠ 𝑗

𝐶𝑖 :=


0(𝑖−1)×𝜈𝑖

0(𝑝−𝑖+1)×(𝜈𝑖−1)
1
𝑐𝑖

 ∈R
𝑝×𝜈𝑖, 𝑖 ∈ {1, . . . , 𝑝},

(100)

with 𝛼𝑖𝑖 ∈ R𝜈𝑖 , 𝛼𝑖 𝑗 ∈ R𝜈𝑖 𝑗 and 𝑐𝑖 ∈ R𝑝−𝑖 depending on (𝐶, 𝐴).
Matrices 𝐴𝑜 and 𝐶𝑜 can also be written as

𝐴𝑜 = 𝐴̄ + 𝐴𝑚𝐶̄, 𝐶𝑜 = 𝐶𝑚𝐶̄, (101)

where 𝐴𝑚 ∈ R𝑛×𝑝 and 𝐶𝑚 ∈ R𝑝×𝑝 contain the coefficients of
𝛼𝑖𝑖 , 𝛼𝑖 𝑗 , and 𝑐𝑖 , while 𝐴̄ and 𝐶̄ are defined as

𝐴̄ := bdiag( 𝐴̄𝑖 , . . . , 𝐴̄𝑝), 𝐶̄ := bdiag(𝑐⊤𝑖 , . . . , 𝑐⊤𝑝)

𝐴̄𝑖 :=
[
01×(𝜈𝑖−1) 0
𝐼𝜈𝑖−1 0(𝜈𝑖−1)×1

]
, 𝑐⊤𝑖 :=

[
01×(𝜈𝑖−1) 1

]
.

(102)

Finally, if the observability indices satisfy 𝜈1 ≤ 𝜈2 ≤ . . . ≤ 𝜈𝑝 ,
it holds that 𝐶𝑚 = 𝐼𝑝 , thus 𝐶𝑜 = 𝐶̄ [34, Ch. 3, Lemma 4.9].

APPENDIX II
A USEFUL LINEAR MATRIX EQUATION

Some technical proofs of this article rely on this result.

Lemma 7. Consider any matrix Θ ∈ R𝑟×𝑟 and any vectors
𝛽 ∈ R𝑟 and 𝜙 ∈ R𝑟 such that the pair (Θ, 𝛽) is controllable.
Then, there exists a unique solution 𝑋 ∈ R𝑟×𝑟 to the equation:

Θ𝑋 = 𝑋Θ, 𝑋𝛽 = 𝜙. (103)

Proof: We use the arguments of [42, Prop. 4.1] to com-
pute an explicit solution to (103). Since (Θ, 𝛽) is controllable,
Θ is cyclic, i.e., its minimal and characteristic polynomials
coincide. Then, by [43, Pag. 222], any matrix 𝑋 that satisfies
equation 𝑋Θ = Θ𝑋 of (103), can be expressed as

𝑋 =

𝑟−1∑︁
𝑖=0

𝜚𝑖Θ
𝑖 , (104)

with free parameters 𝜚0, . . . , 𝜚𝑟−1. By replacing (104) in the
second equation of (103), it holds that

𝑟−1∑︁
𝑖=0

𝜚𝑖Θ
𝑖𝛽 = 𝑅𝜚 = 𝜙, (105)

where 𝑅 := [𝛽 Θ𝛽 · · · Θ𝑟−1𝛽] and 𝜚 := [𝜚0 . . . 𝜚𝑟−1]⊤ ∈ R𝑟 .
Since (Θ, 𝛽) is controllable, 𝑅 is invertible and we obtain 𝜚 =

𝑅−1𝜙, so 𝑋 is uniquely determined.

APPENDIX III
TECHNICAL PROOFS

A. Proof of Lemma 3

Rewrite the first equation of (13) as Π𝐹 = (𝐴 − Π𝐿𝐶)Π,
then note that, post-multiplying both sides by 𝐹, we obtain

Π𝐹2 = (𝐴 − Π𝐿𝐶)Π𝐹 = (𝐴 − Π𝐿𝐶)2Π. (106)

This operation can be repeated for arbitrary powers. Therefore,
for any polynomial 𝜌(·), the following identity holds:

Π𝜌(𝐹) = 𝜌(𝐴 − Π𝐿𝐶)Π. (107)

Let 𝑣 ∈ C𝑛 be any generalized left eigenvector of 𝐴−Π𝐿𝐶 with
associated eigenvalue 𝑠, i.e., 𝑣 ≠ 0 such that, for some 𝑖 ∈ N
with 𝑖 ≥ 1, 𝑣⊤ (𝐴−Π𝐿𝐶−𝑠𝐼𝑛)𝑖 = 0 and 𝑣⊤ (𝐴−Π𝐿𝐶−𝑠𝐼𝑛) 𝑗 ≠
0, for all 𝑗 ∈ {0, . . . , 𝑖 − 1}. Using (107), we obtain

Π(𝐹 − 𝑠𝐼𝜇) 𝑗 = (𝐴 − Π𝐿𝐶 − 𝑠𝐼𝑛) 𝑗Π, 𝑗 ∈ {1, . . . , 𝑖}. (108)

Note that, due to rankΠ = 𝑛, any vector 𝜙 ∈ C𝑛, 𝜙 ≠ 0, is
such that Π⊤𝜙 ≠ 0. Then, pre-multiplying both sides of (108)
by the generalized left eigenvector 𝑣⊤, it follows that

𝑣⊤Π(𝐹 − 𝑠𝐼𝜇) 𝑗 ≠ 0, 𝑗 ∈ {1, . . . , 𝑖 − 1}
𝑣⊤Π(𝐹 − 𝑠𝐼𝜇)𝑖 = 0,

(109)

where Π⊤𝑣 ≠ 0. As a consequence, Π⊤𝑣 is a generalized left
eigenvector of 𝐹, with associated eigenvalue 𝑠. Also, if some
vectors 𝑣1 ≠ 0 and 𝑣2 ≠ 0 are linearly independent, then so
are Π⊤𝑣1 and Π⊤𝑣2 because Π⊤ (𝑣1 − 𝑐𝑣2) = 0, for some
𝑐, would contradict rankΠ = 𝑛. Since we can find 𝑛 linearly
independent generalized eigenvectors of 𝐴−Π𝐿𝐶, we can find
𝑛 corresponding linearly independent generalized eigenvectors
of 𝐹 having the same eigenvalues. In particular, every Jordan
block of 𝐴 − Π𝐿𝐶 of size 𝑖 corresponds to a Jordan block of
𝐹 of size at least 𝑖, with same eigenvalues. This property is
equivalent to stating that the minimal polynomial of 𝐴−Π𝐿𝐶
divides the minimal polynomial of 𝐹.

B. Proof of Lemma 4

By Lemma 3 and the construction of 𝐹0 in (35), the relation
between the Jordan blocks of 𝐴−Π𝐿𝐶 and 𝐹0 (the same shown
in the proof of Lemma 3 between 𝐴 − Π𝐿𝐶 and 𝐹) ensures
that there exist a matrix 𝐸 ∈ R𝜇×𝛿 and a vector 𝜖0 ∈ R𝛿 such
that 𝐿𝐶𝜖 (0) = 𝐸𝜖0 and, for all 𝑡 ∈ [0, 𝜏],

𝐿𝐶𝜖 (𝑡) = 𝐸𝑒𝐹0𝑡𝜖0 = 𝐸𝜖 (𝑡), (110)
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where 𝜖 (𝑡) ∈ R𝛿 satisfies ¤̃𝜖 (𝑡) = 𝐹0𝜖 (𝑡) and 𝜖 (0) = 𝜖0. Since
(𝐹0, 𝐺0) is controllable, it follows that 𝜖 (𝑡) = 𝑌 𝜒(𝑡), where 𝑌
is computed from

𝑌𝐹0 = 𝐹0𝑌, 𝑌𝐺0 = 𝜖0, (111)

whose solution exists and is unique due to Lemma 7 given in
Appendix II. The proof is concluded by letting 𝐷 = 𝐸𝑌 .

C. Proof of Theorem 3
1) From a quadratic to a linear equation: By rearranging the

first equation of (13) and using 𝐻 = 𝐶Π, we obtain the
following quadratic equation

Π𝐹 = (𝐴 − Π𝐿𝐶)Π, Π𝐺 = 𝐵. (112)

Thus, we can find Π with (112) and then compute 𝐻 = 𝐶Π.
Since pair (𝐶, 𝐴) is observable by Assumption 1, there

exists a non-singular matrix 𝑇𝑜 ∈ R𝑛×𝑛 such that the matrices
𝐴𝑜 := 𝑇𝑜𝐴𝑇

−1
𝑜 , 𝐵𝑜 := 𝑇𝑜𝐵, 𝐶𝑜 := 𝐶𝑇−1

𝑜 are in observer
canonical form, see Appendix I. In particular, from (101),
𝐴𝑜 = 𝐴̄+ 𝐴𝑚𝐶̄. Also, since all observability indices are equal,
𝐶𝑜 = 𝐶̄. Defining 𝑌 := 𝑇𝑜Π, we can transform (112) into:

𝑌𝐹 = ( 𝐴̄ + (𝐴𝑚 − 𝑌𝐿)𝐶̄)𝑌, 𝑌𝐺 = 𝐵𝑜 . (113)

Let

D𝜆 (𝑠) := det(𝑠𝐼𝜈 − Λ) = 𝑠𝜈 + 𝜃𝜆,𝜈−1𝑠
𝜈−1 + . . . + 𝜃𝜆,0, (114)

then define

Λ𝑜 :=


0 · · · 0 −𝜃𝜆,0
1 · · · 0 −𝜃𝜆,1
...

. . .
...

...

0 · · · 1 −𝜃𝜆,𝜈−1


. (115)

Also, let 𝜃𝜆 := col(𝜃𝜆,0, . . . , 𝜃𝜆,𝜈−1) and Ψ := 𝐴𝑚 + 𝐼𝑝 ⊗ 𝜃𝜆 ∈
R𝑛×𝑝 . Recalling the structure of 𝐴̄ and 𝐶̄ in (102), we obtain

𝐴̄ + (𝐴𝑚 − Ψ)𝐶̄ = 𝐼𝑝 ⊗ Λ𝑜 . (116)

To solve the quadratic equation (113), we introduce the
additional constraint 𝑌𝐿 = Ψ, so that from (116) we obtain

𝑌𝐹 = (𝐼𝑝 ⊗ Λ𝑜)𝑌, 𝑌𝐺 = 𝐵𝑜, 𝑌 𝐿 = Ψ. (117)

Any solution to (117) is also a solution to (113) and ensures
that 𝐼𝑝 ⊗ Λ and 𝐴 − Π𝐿𝐶 = 𝑇−1

𝑜 (𝐼𝑝 ⊗ Λ𝑜)𝑇𝑜 are similar.
2) Equation decoupling: The rest of the proof involves

exploiting the tuning (81) to decouple (117) into blocks that
can be solved with Lemma 7. Let 𝑌 = [𝑌𝑦 𝑌𝑢], with 𝑌𝑦 ∈ R𝑛×𝑛
and 𝑌𝑢 ∈ R𝑛×𝑚𝜈 . Then, we can decouple (117) into

𝑌𝑦 (𝐼𝑝 ⊗ Λ) = (𝐼𝑝 ⊗ Λ𝑜)𝑌𝑦 , 𝑌𝑦 (𝐼𝑝 ⊗ ℓ) = Ψ, (118a)
𝑌𝑢 (𝐼𝑚 ⊗ Λ) = (𝐼𝑝 ⊗ Λ𝑜)𝑌𝑢, 𝑌𝑢 (𝐼𝑚 ⊗ ℓ) = 𝐵𝑜 . (118b)

By letting 𝑌𝑦 = [𝑌𝑦,𝑖 𝑗 ]1≤𝑖, 𝑗≤𝑝 , 𝑌𝑢 = [𝑌𝑢,𝑖 𝑗 ]1≤𝑖≤𝑝,1≤ 𝑗≤𝑚,
with blocks 𝑌𝑦,𝑖 𝑗 , 𝑌𝑢,𝑖 𝑗 ∈ R𝜈×𝜈 , and Ψ = [𝜓𝑖 𝑗 ]1≤𝑖, 𝑗≤𝑝 ,
𝐵𝑜 = [𝑏𝑖 𝑗 ]1≤𝑖≤𝑝,1≤ 𝑗≤𝑚, with vectors 𝜓𝑖 𝑗 , 𝑏𝑖 𝑗 ∈ R𝜈 , (118a)
and (118b) can be further split into equations of the form

𝑌𝑦,𝑖 𝑗Λ = Λ𝑜𝑌𝑦,𝑖 𝑗 , 𝑌𝑦,𝑖 𝑗ℓ = 𝜓𝑖 𝑗 , (119a)
𝑌𝑢,𝑖 𝑗Λ = Λ𝑜𝑌𝑢,𝑖 𝑗 , 𝑌𝑢,𝑖 𝑗ℓ = 𝑏𝑖 𝑗 . (119b)

Finally, by letting 𝑇𝜆 be the similarity transformation such that
Λ = 𝑇𝜆Λ𝑜𝑇

−1
𝜆

, we obtain

𝑋𝑦,𝑖 𝑗Λ=Λ𝑋𝑦,𝑖 𝑗 , 𝑋𝑦,𝑖 𝑗ℓ=𝑇𝜆𝜓𝑖 𝑗 , 𝑖, 𝑗 ∈ {1, . . . , 𝑝} (120a)

𝑋𝑢,𝑖 𝑗Λ=Λ𝑋𝑢,𝑖 𝑗 , 𝑋𝑢,𝑖 𝑗ℓ=𝑇𝜆𝑏𝑖 𝑗 ,

{
𝑖 ∈ {1, . . . , 𝑝}
𝑗 ∈ {1, . . . , 𝑚}, (120b)

where 𝑋𝑦,𝑖 𝑗 := 𝑇𝜆𝑌𝑦,𝑖 𝑗 , 𝑋𝑢,𝑖 𝑗 := 𝑇𝜆𝑌𝑢,𝑖 𝑗 . We conclude the proof
by invoking Lemma 7 to solve each equation in (120).

D. Proof of Theorem 4

1) Input-output model of the non-minimal realization: Let 𝑉
be the similarity transformation such that pair (Λ𝑐, ℓ𝑐) :=
(𝑉Λ𝑉−1, 𝑉ℓ) is in controller canonical form:

Λ𝑐 :=


0 1 · · · 0
...

...
. . .

...

0 0 · · · 1
−𝜃𝜆,0 −𝜃𝜆,1 · · · −𝜃𝜆,𝜈−1


, ℓ𝑐 :=


0
...

0
1


, (121)

where we used the parameters 𝜃𝜆 defined in (114). Then, using
the definition of 𝐹, 𝐺, and 𝐿 in (81), the pair ((𝐼𝑝+𝑚⊗𝑉) (𝐹 +
𝐿𝐻) (𝐼𝑝+𝑚 ⊗ 𝑉)−1, (𝐼𝑝+𝑚 ⊗ 𝑉)𝐺) can be written as:([

𝐼𝑝 ⊗ Λ𝑐 + (𝐼𝑝 ⊗ ℓ𝑐)Θ𝑦 (𝐼𝑝 ⊗ ℓ𝑐)Θ𝑢
0𝑚𝜈×𝑛 𝐼𝑚 ⊗ Λ𝑐

]
,

[
0𝑛×𝑚
𝐼𝑚 ⊗ ℓ𝑐

])
,

(122)
where Θ𝑦 ∈ R𝑝×𝑛 and Θ𝑢 ∈ R𝑝×𝑚𝜈 are given by

[
Θ𝑦 Θ𝑢

]
:=

𝐻 (𝐼𝑝+𝑚 ⊗𝑉−1). In the coordinates 𝜁𝑐 := (𝐼𝑝+𝑚 ⊗𝑉)𝜁 , system
(22) becomes

¤𝜁𝑐 =
[
𝐼𝑝 ⊗ Λ𝑐 0𝑛×𝑚𝜈
0𝑚𝜈×𝑛 𝐼𝑚 ⊗ Λ𝑐

]
𝜁𝑐 +

[
𝐼𝑝 ⊗ ℓ𝑐 0𝑛×𝑚
0𝑚𝜈×𝑝 𝐼𝑚 ⊗ ℓ𝑐

] [
𝑦

𝑢

]
𝑦 =

[
Θ𝑦 Θ𝑢

]
𝜁𝑐 .

(123)

Applying the Laplace transform and the properties of the
Kronecker product to the above equations, we obtain

𝑦(𝑠) = Θ𝑦 (𝐼𝑝 ⊗ (𝑠𝐼𝜈 − Λ𝑐)−1ℓ𝑐)𝑦(𝑠) +
+ Θ𝑢 (𝐼𝑚 ⊗ (𝑠𝐼𝜈 − Λ𝑐)−1ℓ𝑐)𝑢(𝑠),

(124)

where 𝑢(𝑠) and 𝑦(𝑠) are the transforms of 𝑢(𝑡) and 𝑦(𝑡).
Then, exploiting the controllable version of the structure

theorem [34, Ch. 3, Thm. 4.10], we obtain

𝑦(𝑠) = 1
D𝜆 (𝑠)

[
Θ𝑦 Θ𝑢

] ©­­­­«
𝐼𝑝+𝑚 ⊗


1
...

𝑠𝜈−1


ª®®®®¬
[
𝑦(𝑠)
𝑢(𝑠)

]

=
N𝑦 (𝑠)
D𝜆 (𝑠)

𝑦(𝑠) + N𝑢 (𝑠)D𝜆 (𝑠)
𝑢(𝑠),

(125)

where D𝜆 (𝑠) ∈ R[𝑠] is defined in (114), while N𝑦 (𝑠) ∈
R𝑝×𝑝 [𝑠] and N𝑢 (𝑠) ∈ R𝑝×𝑚 [𝑠] are polynomial matrices.

Using 𝑠 with some abuse of notation to also denote the
differential operator 𝑑/𝑑𝑡 (·), system (12) can be represented
with the following polynomial matrix description:

(D𝜆 (𝑠)𝐼𝑝 − N𝑦 (𝑠))𝑦(𝑡) = N𝑢 (𝑠)𝑢(𝑡). (126)



14 IEEE TRANSACTIONS AND JOURNALS TEMPLATE

See [34, Ch. 7] for definitions and results related to polynomial
matrix descriptions of LTI systems. Note that the polynomial
matrix D𝜆 (𝑠)𝐼𝑝 −N𝑦 (𝑠) is such that the matrix of coefficients
of degree 𝜈 is 𝐼𝑝 since each entry of N𝑦 (𝑠) is a polynomial
of degree at most 𝜈−1. As a consequence, deg det(D𝜆 (𝑠)𝐼𝑝 −
N𝑦 (𝑠)) = 𝑛. On the other hand, exploiting the observable
version of the structure theorem [34, Ch. 3, Thm. 4.11], there
exists a polynomial matrix description of plant (1) of the form

D(𝑠)𝑦(𝑡) = N(𝑠)𝑢(𝑡), (127)

where D(𝑠) and N(𝑠) are left coprime because (127) is
equivalent to system (1), which is controllable by Assumption
1 (see [34, Ch. 7, Pag. 560 and Thm. 3.4] for further details).
Also, by construction as in [34, Ch. 3, Thm. 4.11] and
Assumption 3, the matrix of coefficients of degree 𝜈 of D(𝑠)
is 𝐼𝑝 , thus deg det(D(𝑠)) = 𝑛.

Moreover, by Lemma 1 and Remark 1, systems (1) and (12)
have the same transfer matrix, i.e., D−1 (𝑠)N (𝑠) = (D𝜆 (𝑠)𝐼𝑝−
N𝑦 (𝑠))−1N𝑢 (𝑠). Then, there exists a matrix R(𝑠) such that[
D𝜆 (𝑠)𝐼𝑝 − N𝑦 (𝑠) N𝑢 (𝑠)

]
= R(𝑠)

[
D(𝑠) N (𝑠)

]
. (128)

However, from det(D𝜆 (𝑠)𝐼𝑝 − N𝑦 (𝑠)) = det(R(𝑠)) det(D(𝑠))
and deg det(D𝜆 (𝑠)𝐼𝑝−N𝑦 (𝑠)) = deg det(D(𝑠)) = 𝑛, we obtain
deg det(R(𝑠)) = 0 and, as a consequence, det(R(𝑠)) = 𝛼 ≠ 0,
for some 𝛼 ∈ R. In other words, R(𝑠) is unimodular. Thus,
by [34, Ch. 7, Thm 2.5], we conclude that

rank
[
D𝜆 (𝑠)𝐼𝑝 − N𝑦 (𝑠) N𝑢 (𝑠)

]
= 𝑝. (129)

2) PBH test: We now prove the statement exploiting (129).
In particular, using the PBH test, we verify that[

𝑠𝐼𝑛 − 𝐼𝑝⊗Λ𝑐 − (𝐼𝑝⊗ ℓ𝑐)Θ𝑦 −(𝐼𝑝⊗ ℓ𝑐)Θ𝑢 0𝑛×𝑚
0𝑚𝜈×𝑛 𝑠𝐼𝑚𝜈 − 𝐼𝑚⊗Λ𝑐 𝐼𝑚⊗ ℓ𝑐

]
(130)

has rank 𝜇 = 𝑛+𝑚𝜈, for all 𝑠 ∈ 𝜎(𝐼𝑝⊗Λ𝑐+(𝐼𝑝⊗ℓ𝑐)Θ𝑦)∪𝜎(Λ).
Define the unimodular matrix

T :=



1 0 · · · 0

𝑠 1 0
...

𝑠2 𝑠 1
. . .

...
...

. . .
. . . 0

𝑠𝜈−1 𝑠𝜈−2 · · · 𝑠 1


∈ R𝜈×𝜈 [𝑠], (131)

then post-multiply (130) by matrix bdiag(𝐼𝑝+𝑚 ⊗ T , 𝐼𝑚) ∈
R(𝜇+𝑚)×(𝜇+𝑚) [𝑠]. This operation is justified by the fact that

(𝑠𝐼𝜈 − Λ𝑐)T =


0 −1 · · · 0
...

...
. . .

...

0 0 · · · −1
D𝜆 (𝑠) ★ · · · ★


, (132)

where ★ denotes polynomials of 𝑠, and similarly, for any 𝜃 :=
col(𝜃0, . . . , 𝜃𝜈−1),

−ℓ𝑐𝜃⊤T =


0 0 · · · 0
...

...
...

0 0 · · · 0
−N𝜃 (𝑠) ★ · · · ★


, (133)

where N𝜃 (𝑠) := 𝜃𝜈−1𝑠
𝜈−1+ . . .+𝜃0. A similar operation is per-

formed in the proof of [21, Lem. 4.2]. After applying a simple
permutation of the rows to group the polynomials in the last
row of each 𝜈×𝜈 block, we obtain the following matrix (where
blank terms represent zeros, ★ again indicate polynomials of
𝑠, and lines highlights the same blocks appearing in (130)):

−𝐼𝑛−𝑝
D𝜆 (𝑠)𝐼𝑝 − N𝑦 (𝑠) ★ −N𝑢 (𝑠) ★

−𝐼𝑚(𝜈−1)
D𝜆 (𝑠)𝐼𝑚 ★ 𝐼𝑚


.

(134)
By performing row and column operations with unimodular
matrices, we can use the identity matrices to eliminate the ★
terms and D𝜆 (𝑠)𝐼𝑚 in the last block row. After reordering the
rows and the columns, we obtain that the PBH test with (130)
is equivalent to verifying

rank
[
𝐼𝜇−𝑝 0(𝜇−𝑝)×𝑝 0(𝜇−𝑝)×𝑚

0𝑝×(𝜇−𝑝) D𝜆 (𝑠)𝐼𝑝 − N𝑦 (𝑠) N𝑢 (𝑠)

]
= 𝜇, (135)

which is true for all 𝑠 ∈ C due to (129).

E. Proof of Theorem 5
Suppose that 𝜈̂ ≥ 𝜈 + 1, then define the matrix gains

Λ := − diag(𝜆1, . . . , 𝜆𝜈), Λ̃ := − diag(𝜆𝜈+1, . . . , 𝜆𝜈̂), ℓ :=
col(𝛾1, . . . , 𝛾𝜈), ℓ̃ := (𝛾𝜈+1, . . . , 𝛾𝜈̂), and the dimensions 𝜇0 :=
𝜈(𝑝 +𝑚), 𝜇̃ := (𝜈̂ − 𝜈) (𝑝 +𝑚). Note that the dynamics of 𝜁 in
(89) can be decoupled into

¤̂𝜁0 (𝑡) = (𝐼𝑝+𝑚 ⊗ Λ)𝜁0 (𝑡) + (𝐼𝑝+𝑚 ⊗ ℓ)
[
𝑦(𝑡)
𝑢(𝑡)

]
= 𝐹𝜁0 (𝑡) + 𝐺𝑢(𝑡) + 𝐿𝑦(𝑡)

¤̃𝜁 (𝑡) = (𝐼𝑝+𝑚 ⊗ Λ̃)𝜁 (𝑡) + (𝐼𝑝+𝑚 ⊗ ℓ̃)
[
𝑦(𝑡)
𝑢(𝑡)

]
= 𝐹̃𝜁 (𝑡) + 𝐺̃𝑢(𝑡) + 𝐿̃𝑦(𝑡),

(136)

with 𝜁0 ∈ R𝜇0 and 𝜁 ∈ R𝜇̃. By Theorem 3, there exist Π ∈
R𝑛×𝜇0 and 𝐻 ∈ R𝑝×𝜇0 such that
• (13) holds, with 𝐹, 𝐺, and 𝐿 given in (136).
• 𝐴 − Π𝐿𝐶 is similar to 𝐼𝑝 ⊗ Λ.

Then, applying Lemma 6, we obtain that Π̂ := [Π 0𝑛× 𝜇̃] and
𝐻̂ := 𝐶Π̂ solve (13), with 𝐹, 𝐺, and 𝐿 replaced by

𝐹̂ := bdiag(𝐹, 𝐹̃), 𝐺̂ :=

[
𝐺

𝐺̃

]
, 𝐿̂ :=

[
𝐿

𝐿̃

]
. (137)

In particular, note that

𝐹̂ + 𝐿̂𝐻̂ =

[
𝐹 + 𝐿𝐻 0𝜇× 𝜇̃
𝐿̃𝐻 𝐼𝑝+𝑚 ⊗ Λ̃

]
. (138)

We can show that the pair (𝐹̂ + 𝐿̂𝐻̂, 𝐺̂) is not controllable.
Indeed, the matrix[

𝑠𝐼𝜇 − (𝐹 + 𝐿𝐻) 0𝜇× 𝜇̃ 𝐺

−𝐿̃𝐻 𝑠𝐼𝜇̃ − (𝐼𝑝+𝑚 ⊗ Λ̃) 𝐺̃

]
(139)

is such that, for any 𝑠 ∈ 𝜎(Λ̃), 𝑝+𝑚 columns become zero due
to the term 𝑠𝐼𝜇̃− (𝐼𝑝+𝑚 ⊗ Λ̃). As a consequence, for 𝑠 ∈ 𝜎(Λ̃),
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(139) has 𝜈̂(𝑝 + 𝑚) rows and at most (𝜈̂ − 1) (𝑝 + 𝑚) + 𝑚 =

𝜈̂(𝑝 + 𝑚) − 𝑝 < 𝜈̂(𝑝 + 𝑚) linearly independent columns. We
infer that each eigenvalue of Λ̃ has an eigenvector belonging
to the uncontrollable subspace.

Combining the previous results and following the procedure
of Section IV, we obtain that the data 𝜒(𝑡), 𝜁 (𝑡) in (89) satisfy
a differential equation of the form (36), which can be written
explicitly as follows (where blank terms represent zeros):
¤𝜒0 (𝑡)
¤̃𝜒(𝑡)
¤̂𝜁0 (𝑡)
¤̃𝜁 (𝑡)


=


Λ

Λ̃

𝐷 𝐹 + 𝐿𝐻
𝐷̃ 𝐿̃𝐻 𝐼𝑝+𝑚 ⊗ Λ̃



𝜒0 (𝑡)
𝜒̃(𝑡)
𝜁0 (𝑡)
𝜁 (𝑡)


+

𝐺𝐺̃

𝑢(𝑡),

(140)
with col(𝜒0 (0), 𝜒̃(0)) = col(ℓ, ℓ̃) and col(𝜁0 (0), 𝜁 (0)) =

0. Note that there is no coupling between 𝜒̃(𝑡) and
col(𝜁0 (𝑡), 𝜁 (𝑡)) because (140) is obtained by applying Lemma
4 to transform 𝜖 (𝑡) into 𝜒(𝑡), and no modes of Λ̃ are contained
in 𝜖 (𝑡) since 𝐴 − Π𝐿𝐶 is similar to 𝐼𝑝 ⊗ Λ.

The uncontrollable subsystem of (140) can be written as
¤̃𝜒(𝑡)
¤𝜒0 (𝑡)
¤̂𝑥𝑐̄

 =


Λ̃

Λ

𝐷 𝑐̄ 𝐴𝑐̄



𝜒̃(𝑡)
𝜒0 (𝑡)
𝑥𝑐̄ (𝑡)

 , (141)

for some matrices 𝐷 𝑐̄ and 𝐴𝑐̄. Note that 𝜎(Λ̃) ⊂ 𝜎(𝐴𝑐̄) as
we have proved above using (139). We conclude the proof by
noticing that each eigenvalue −𝜆𝑖 , 𝑖 ∈ {𝜈 + 1, . . . , 𝜈̂} appears
both in 𝜎(Λ̃) and in 𝜎

( [
Λ
𝐷𝑐̄ 𝐴𝑐̄

] )
. Thus, B in (90) loses rank

due to the fact that, after a change of coordinates, two rows
of the data are equal to [1 𝑒−𝜆𝑖 𝜏s · · · 𝑒−𝜆𝑖 (𝑁−1)𝜏s ].
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